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Abstract. In the paper I considered linear and antilinoar mappings of fi- 
nite dimensional algebra over complex field, as well I considered involution. I 
considered also an example of C*-algebra. 
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1. Preface 

Since I have been studying calculus in Banach algebra, it is difficult to ignore 
C*-algebra which is a tool in quantum mechanics. However, before considering 
particular statements, I need to understand the structure of the linear mapping of 
C*-algebra. This caused to write this paper. 

However there exist different algebras where conjugation is defined. For this 
reason, I decided not restrict myself by considering of complex field. Considering 
of linear and antilinear mappings of algebra with conjugation turned out to be 
different from the concept, which I considered in [4]. It is attractive to find a 
statement similar to statement that we can expand additive mapping of complex 
field into sum of linear and antilinear mappings. Such statement would be a bridge 
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between the results in [4] and this paper. However, there is reason to beheve that 
in general this is not true. 

This means that, in general, consideration of the conjugation is not enough for 
the complete classification of linear maps. However, this classification is important 
to understand the structure of closed differential form in Banach algebra. 

2. Conventions 

(1) Let A be free finite dimensional algebra. Considering expansion of element 
of algebra A relative basis e we use the same root letter to denote this 
element and its coordinates. However we do not use vector notation in 
algebra. In expression a^, it is not clear whether this is component of 
expansion of element a relative basis, or this is operation = aa. To 
make text clearer we use separate color for index of element of algebra. For 
instance, 

a = a''ei 

(2) If free finite dimensional algebra has unit, then we identify the vector of 
basis Co with unit of algebra. 

(3) Although the algebra is a free module over some ring, we do not use the 
vector notation to write elements of algebra. In the case when I consider 
the matrix of coordinates of element of algebra, I will use vector notation 
to write corresponding element. In order to avoid ambiguity when I use 
conjugation, I denote a* element conjugated to element a. 

(4) Without a doubt, the reader may have questions, comments, objections. I 
will appreciate any response. 

3. C-ALGEBRA 

Considered below construction is based on the construction considered in section 
[3]-5. In this paper, we will use notation offered in this section. 
Let C be complex field. Let ec 

(3.1) eco = 1 eci = i 

be the basis of algebra C over real field R. Product in algebra C is defined according 
to rule 

(3.2) ec-i = -eco 

According to the theorem [3]-3.1, structural constants of complex field C over real 
field R have form 

(3.3) ^^""^^ ^^"^^ ' 

Ccio = 1 C'c-ii =—1 

According to definition [4J-2.2.1, C-algebra A is C-vector space. Let bag be a 
C-basis of finite dimensional C-algebra A. The product in C-algebra A is defined 
by equation 

(3.4) eACkeACl = CAC-kieACi 

where CAc-i j structural constants of C-algebra A over the field C. 

I will consider the C-algebra A as direct sum of algebras C. Each item of sum 
I identify with vector of basis cac ■ Accordingly, I can consider C-algebra A as 
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algebra over field R. Let car be basis of C-algcbra A over the field R. Index of 
basis Car consists from two indexes: index of fiber and index of vector of basis 
ec in fiber. 

I will identify vector of basis CAC i with, unit in corresponding fiber. Then 

(3.5) CARji = ec-jCAC-i 
The product of vectors of basis car. has form 

(3.6) eARjieARmk = ec-jeACieCmeAC-k = CcjmeCaCACik^ACb 

(3.7) eAROOeAR-ki ='SARki 

(3.8) eARloeARli = -SAROi 

Because C^C ifc ^ C , then expansion CAC-ik ^ ^ relative to basis ec has form 
(3.9) 
W 
(3.10) 



^ACik = CACikec-c 



We can represent transformation / using matrix /^j 



J 11 " 



(3.11) 



/of a' 



c = c° eAR oo + eAij io 



We can represent c G C in following form 
(3.12) 

(3.13) c* 
From equations (3.7), (3.8), (3.12), it follows 

(3.14) (ca)°^ 

(3.15) [caf^ 
Theorem 3.1. Structural constants of C-algebra A over real field R have form 



Oi 

c a 



(3.16) 



Car- 


-Ob 

-Oi-Ok — 


CAC-ik 


Car, 


-Ob 

-li-lk ~ 


C bO 


Car- 


-Ob 

-Oi-lk ~ 


-Cac-II 


Car- 


-Ob 

-\i-Ok — 


-Cac-\1 


Car- 


-\b 

-Oi-lk ~ 


CAC-ik 


Car- 


-lb 

-li-Ok ~ 


CAC-ik 


Car- 


-lb 

-Oi-Ok ~ 


CAC-ti 


Car- 


-lb 

-li-lk — 


-CAC-il 



Proof. According to equations [3]-(5.3), [3]-(5.5), structural constants of algebra 
A over field R have form 



(3.17) 



ji-mk — Cc-jmCc-icCAC-ik 



CAR-.ji._ 

CAC-ik = CAC-ik'^C 



CAC-fk+CAC-1ll 
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From equations (3.3), (3.17), it follows that 



(3.18) 



jimk 



Cc "mCc oqC AC ik + Cc-jmCc ilCAc tk 
jm^ ' ik C C ■ j'YYiC AC ■ ij^ 



Cc°rr,CAC 



^ AH- .ji-mk 



Cc]mCc\oCAc\l + Cc-^^rnCcliCAC-tl 



(3.19) 





= Cc 


1 

■ j m 


CAC-fk 


+ 


r< n bi 

Cc-j,nCAC-ik 


, (3.18), it follows that 








Car- 


-Ob 

■Oi Ofc ~ 


Cc 


ooC'ac 


60 
ih 


-Cc 


oqCac- 


Car- 


■06 

■lilfe ~ 


Cc 


iiC'ac 


60 

ih 


-Cc 


I^Cac- 


Car- 


■06 

■Oi^lfc ~ 


Cc 


oiC'ac 


60 

ih 


-Cc 


oiCac- 


Car- 


■06 

■li Ofe ~ 


Cc 


%Cac 


60 

ih 


-Cc 


iqCac- 


Car- 


■16 

-Oi-lk — 


Cc 


IiCac 


60 

ih 


+ Cc 


ri 
oiCac- 


Car- 


■16 

■li Ofc ~ 


Cc 


ioCac 


60 

ih 


+ Cc 


n 


Car- 


■16 _ 
■OiOfe 


Cc 


oqCac 


60 
ih 


+ Cc 


r< 
oqCac- 


Car- 


■16 _ 
■lilfc ~ 


Cc 


iiC'ac 


60 

ih 


+ Cc 


IiCac- 



61 



61 



61 



61 



(3.16) follows from equations (3.3), (3.19). 
From the equation (3.16), it follows that 



(3.20) 



4. Linear Mapping of C-algebra 
Definition 4.1. The mapping of C- vector spaces 

is called C-linear if 

(4.1) f{ca) = cf{a) c&C a £ A 



Car- 


■06 

■Oi Ofc ~ 


—Car- 


■06 

■li lfc ~ 


Cac 


60 

ik 


Car- 


■06 

■Oilfc — 


Car- 


■06 

■liOfe — 


—Cac 


61 

ik 


Car- 


■16 

■Oilfc ~ 


Car- 


■16 

■li Ofe ~ 


Cac 


60 

ik 


Car- 


■16 

■Oi Ofc ~ 


—Car- 


■16 

■li lfe ~ 


Cac 


61 

ik 



□ 



□ 



Theorem 4.2 (The Cauchy-Riemann equations). Matrix of linear mapping ofC- 
vector spaces 

f ■.Ai^A2 



satisfies relationship 
(4.2) 



ih _ fih jm 



P-Oj _ n-lj 

J -Oi J -li 

f __ fOj 
J -Oi — J -li 
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Proof. From equations (3.11), (3.14), (3.15) , it follows that 

(4.3) = f^i{c°a°' - c^a^') + f°i{c°a^' + c^a°') 

(./M)'^' = /of(ca)°^ + /^f(ca)i^ 

(4.4) = /o^f (c°a°^ - c^a^') + fli{c°a^' + c^a°') 

= /of c°a°^ - /oYc^a^^ + f^^a^' + fUc^a^' 
From equations (4.1), (3.11), (3.12), (3.14), (3.15) , it follows that 

(4.5) = cO(/°^a°^ + f^a^') - c^UUa^' + fUa^') 

(c/(a))ii = c°(/(a))i^+ci(/(a))°^- 

(4.6) = cO(/o^f a"^ + ai^) + ci(/°f + f^^') 

From equations (4.1), (4.3), (4.5) , it follows that 
From equations (4.1), (4.4), (4.6) , it follows that 

Since c'^, a^'^ are arbitrary, then the equation (4.2) follows from equations (4.7), 
(4.8). □ 

Theorem 4.3. Let Cic be C-basis of C-vector space Ai, i ~ 1, 2. Let CiR be 

corresponding R-basis of C-vector space Ai. The matrix of linear mapping 

f:Ai^A2 

has form 

Oj _ rOj Oi _ rlj li 

•^2 — Joi •''1 JOi -^1 



(4.9) 

relative bases em, e2R and has form 



■^2 — Joi ■''1 JOi -^1 



(4-10) 4 = fl4 fi = foi + fol^ 

relative bases eic, e2C 
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Proof. Since the mapping / is i?-linear mapping, then relative basis em, e2R 
mapping / has form 

^li _ flj' Oi I fij li 
•^2 — Joi •''1 ^ Jli -^1 

The equation (4.9) follows from equations (4.2), (4.11). The equation (4.10) follows 
from equation (4.9) and comparing equations 

fOj Oi _ flj' li^ 
Joi -^1 Joi •''1 




flj' Oi I fOj li 



□ 



The theorem 4.2 describes the structure of C-linear mapping of C-algebra A. 
However, there exist i?-lincar mappings of C-algebra A, which are not C-linear 
mappings. 

5. Antilinear Mapping of C-algebra 
Definition 5.1. Morphism of C-vector spaces 

(5.1) I:zeC^z*eC f:Ai-^A2 

is called antilinear mapping.^ □ 
Theorem 5.2. Let the mapping of C-vector spaces 

f:Ai^A2 

be antilinear mapping. Then 

(5.2) f{ca) = c*f{a) c£C a G A 

Proof. According to construction in section [4J-1.5, the mapping / is morphism 
of i?-algebra C. The equation (5.2) follows from the definition [5]-2.2.2, and the 
equation [5]-(2.2.4). □ 

lice R, then 

f{ca) c/(a) 

because c = c* . Therefore, antilinear mapping of C-algebra A is i?-linear mapping. 

Theorem 5.3 (The Cauchy-Ricmann equations). Matrix of antilinear mapping of 
C-vector spaces 

f:Ai^A2 



ik _ fik jm 
y ~ Jim-'' 



satisfies relationship 
(5.3) 



JOi ^li 
Jli ~ JOi 



-'^ There is similar definition in [7] , p. 234. 
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Proof. From equations (3.11), (3.14), (3.15) , it follows 

(5.4) = (c°a°^ - c^a^') + f°i{c°a^' + c^a°') 

(./M)'^' = /of(ca)°^ + /^f(ca)i^ 

(5.5) = /oV(c°a°^ - c^a^^) + fl^{cPa^' + c^a°') 

= /of - /of + /uc°ai^ + fUc'c^' 
From equations (5.2), (3.11), (3.13), (3.14), (3.15) , it follows 

{c*f{a)r^ = c°{fia)r^ +cHf(a))^^ 

(5.6) = c°(/°f + /°f + (/^^f + a^^) 

(5.7) = c°(/o^f + flia^') - ci(/°f + /°f a") 

From equations (5.2), (5.4), (5.6) , it follows 

iS'c''^"' - iof e^a^^ + /^^c°a" + /^c^a"^ 

From equations (5.2), (5.5), (5.7) , it follows 

= c°/;Jf a"^ + cPflia^' - c^i^a"^ - cVif a" 

Since c'^, a'^* are arbitrary, then the equation (5.3) follows from equations (5.8), 
(5.9). □ 

Theorem 5.4. Let Cic be C-basis of C-vector space Ai, i ~ 1, 2. Let CiR be 

corresponding R-basis of C-vector space Ai. The matrix of antilinear mapping 

f:Ai^A2 

has form 

Oj _ rOj Oi I flj li 

/r 1QN -^2 — Joi-'-l ^ 

■^2 — Joi ■''1 JOi -^1 

relative to bases em, e2R and has form 

(5.11) xi = filoxl Ioz = z* fi=f^ + fUi 

relative to bases eic, e2C 
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Proof. Since the mapping / is i?-linear mapping, then relative to bases em, e2R 
mapping / has form 

(5.12) ' ' ' 

^li _ fij' Oi I /-ij li 

•^2 — JOi -^l ^ Jli -^1 

The equation (5.10) follows from equations (5.3), (5.12). The equation (5.11) follows 
from the equation (5.10) and comparing of equations 

(/^ + fUi)I o {xf + x\\) ={f^ + fUi){^ - x\\) 

fOj Oi , j-lj li^ 
Joi ^1 + Joi ^1 




flj„.Oi _ fOj li 

Joi-^1 Joi-^i 



□ 



6. MoRPHiSM OF Algebra 



In this section, we consider algebra A over ring D. According to construction 
that was done in subsections [5J-4.4.2, [5J-4.4.3, a diagram of representations of D- 
algcbra has form 

D A A fia{d) ■■ w -> dv 

(6.1) /2,3(w) : C(u,uJ) 

D CeCiA^;A) 

On the diagram of representations (6.1), D is ring, A is Abelian group. We initially 
consider the vertical representation, and then we consider the horizontal represen- 
tation. We assume that A is free D*-module ([1], p. 135). Therefore, vectors of 
basis e of D*-module A are linear independent. Bilinear mapping 

C:AxA^A 

has following representation relative basis e 

(6.2) Civ,w) = C^jv^w^ek 

According to the theorem [5J-4.4.1, bilinear mapping C generates product in D-k- 
algebra A 

(6.3) C{v, w) — vw 

and coordinates of bilinear mapping C relative to the basis e are structural constants 
of this product. 

Theorem 6.1. Let diagram of representations 

„ /l l,2 fl-2.3 „ / ,x _ ,_ 

Di-*^Ai — fi.iaid) dv 
(6-4) 1/1.1,2 /i.2,3(i') : Ci(TJ,W) 

Di Ci^C{Al,A,) 
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describe Di-k-algebra Ai. Let diagram of representations 

^2 ■ 1 ^ ^2 ■ 2 3 

D2-*-^A2 — A2 f2-ia{d) --v^ dv 

(6-5) t/2.1,2 /2-2,3(i') : C2(TJ,W) 

D2 C2^C{Al-A2) 
describe D2*-algebra A2. Morphism^ of D\-k- algebra Ai into D2*-algebra A2 

n : Di ^ D2 ¥2: Ai ^ A2 
is D-k-linear mapping of Di-k-algebra Ai into D2-k-algebra A2 such that 
(6.6) r2{ab) = r2{a)r2ib) 

Proof. According to equation [5]-(4.2.3), morphism (ri,r2) of representation /i^2 
satisfies to the equation 

Mfi-iMd){a)) = /2.i,2(ri(d))(r2(a)) 

(6-7) 

r2{da) = ri{d.)r2{a) 

Therefore, the mapping (ri,r2) is D^-hnear mapping. 

According to equation [5]-(4.2.3), the morphism (r2,r2) of representation /2,3 
satisfies to the equation'' 

(6.8) ^2(/l-2,3(a2)(a3)) = /2-2,3(7'2(a2))(7'2(a3)) 

From equations (6.8), (6.4), (6.5), it follows that 

(6.9) r2iCi{v,w)) = C2ir2(v),r2{w)) 

Equation (6.6) follows from equations (6.9), (6.3). □ 

Definition 6.2. The morphism of representations of Z?i*-algebra Ai into £'2*- 
algebra A2 is called D^-linear homomorphism of Z?i*-algebra Ai into D2*- 
algebra A2. □ 

Theorem 6.3. Letei be the basis of Di*-algebra Ai. Lete2 be the basis of D2*- al- 
gebra A2. Then linear homomorphism'^ (''1,^2) of Di-k- algebra Ai into D2*-algebra 
A2 has presentation 

b= ri(a)*,r2*,e2 = ri(a-')r2.] e2.i 
6= ri(a)*»r2 
relative to selected bases. Here 

• a is coordinate matrix of vector a relative the basis ei . 



•^In the remark [2]— 1.4. -5, I show that, when we study hnear mapping, the choice of mapping 
ri may be hmited to mapping 

ri : D D ri{d) = d 

However, in the section 10, I consider antihncar mapping of the algebra. That is why I wrote 
theorems in this section so that we can compare these theorems with theorems in section 10. 

''since in diagrams of representations (6.4), (6.5), supports of r22-algebra and Ha-algebra 
coincide, then morphisms of representations on levels 2 and 3 coincide also. 

■^This theorem is similar to the theorem [2J-4.4.3. 
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• b is coordinate matrix of vector 

b=f2{a) 

relative the basis 62 . 

• r2 is coordinate matrix of set of vectors (r2(ei.i)) relative the basis 62- 
The matrix r2 is called matrix of linear homomorphism relative bases 
ei and 62- 

Proof. Vector a G Ai has expansion 

a = a*H.ei 

relative to the basis ei . Vector b E A2 has expansion 

(6.11) b^b\e2 

relative to the basis 62. 

Since (ri,r2) is a linear homomorphism, then from (6.7), it follows that 

(6.12) b = r2(a) = r2(a**ei) ?'i(a)**r2(ei) 
where 

ri(a) = 

\ri{a'')) 

7^2(ei.i) is also a vector of _D*-module A2 and has expansion 

(6.13) ^"2(61.^) = r2.i**e2 = r2.l Cj 
relative to basis 62. Combining (6.12) and (6.13) we get 

(6.14) 6 = ri(a)%r2%e2 

(6.10) follows from comparison of (6.11) and (6.14) and theorem [2J-4.3.3. □ 

Theorem 6.4. Letei be the basis of Di*- algebra Ai. Let €.2 be the basis of D2*- 
algebra A2. If the mapping ri is injection, then there is relation between the matrix 
of linear homomorphism and structural constants 

(6.15) n{C,.'ij)r2i = r2.^r2.]C2.l^ 
Proof. Let 

a,b €: Ai a — a*^ei 6 = fe*,ei 
From equations (6.2), (6.3), (6.4), it follows that 

(6.16) ab = a'VC^.%ei.k 
From equations (6.7), (6.16), it follows that 

(6.17) r2{ab) = ri (Ci.J;,a^6')r2(ei.fc) 

Since the mapping ri is homomorphism of rings, then from equation (6.17), it 
follows that 

(6.18) r2{ab) = r^{C^.%)r^{a')ri{b>)r2{ei.k) 
From the theorem 6.3 and the equation (6.18), it follows that 

(6.19) r2{ab) = r,{C,.%)r,{a')r^{V)r2.ie2.i 
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From the equation (6.6) and the theorem 6.3, it follows that 

(6.20) r2{ab) = r2(a)r2(6) = ri(a^)r2.f e2.pri(&^>2.| 62., 
From equations (6.2), (6.3), (6.5), (6.20), it follows that 

(6.21) Mob) = ri(a^)r2.?ri(&^)r2.jC2.;,qe2.j 
From equations (6.19), (6.21), it follows that 

(6.22) niC\.'l^)nia')n{bj)r^ie2.i = n{a')r,.^niV)r,.''jC,.l,^e2.i 

The equation (6.15) follows from the equation (6.22), because vectors of basis 62 are 
linear independent, and a', (and therefore, ri(a'), ri(6')) are arbitrary values. 

□ 

7. Linear Automorphism of Quaternion Algebra 

Determining of coordinates of linear automorphism is not a simple task. In 
this section we consider example of nontrivial linear automorphism of quaternion 
algebra. 

Theorem 7.1. Coordinates of linear automorphism of quaternion algebra satisfy 
to the system of equations 



(7.1) 



'2'3 '2'3 '2—'3'l ' 3' 1 '3—'l'2 ' l' 2 

Qi IS "2 "11 11 2 11 11 

2' 3 ' 2' 3 '2—'3'l ' 3' 1 ' 3 — ' 1' 2 ' 1' 2 

12 "SI 1 1*2 21 1 12 21 

2'3 '2'3 '2— '3'1 'a'l '3 — 'l'2 'l'2 



Proof. According to the theorems [4J-3.3.1, 6.4, linear automorphism of quaternion 
algebra satisfies to equations 



(7.2) 



— 'O'O^pq '1 — 'O'l^pq '2 — '0'2^pq '3 — 'O'S^pq 

1— 'I'o'-^pq '^O— 'I'l^^pq ^^3 — ' l'2*-^pq ' 2 " '^l ^^3 

2 — '2'O^pq '3 — '2'l^pq 'Q — '2'2^pq 'Q — '2'3^pq 

— 'z'o'^pq '2 — '3'l'-'pq 'l — '3'2^pq 'O " '3'3'-'p( 



'I 

pq 



From the equation (7.2), it follows that 

' 1 — ' O' I'^pq — ' 2' S'^pq ' ' 1 ^pq ~ ' ' 1 "-^qp '2'3^pq~ '2'3^qp 
yi.O) ^^2 — "O' 2 "-^pq — '^3'^1 *-^pq "o^2'^pq — "o"2^ qp ' 3 ' 1 *-^pq " "I'S^-^i 



pq 



r 



3 — '0'3'-^pq — ' l'2^pq ' ' 3 '-^pq " ' ' 3 "-^qp 'l'2^pq— 'l'2'-^ qp 



(7.4) = rlrlC\,^ = -r^rlC^^ = -rlrl&^^ = -rf rfC^, 

If / = 0, then from the equation 



^0 _ ^0 



it follows that 

(7.5) rf rJC7°, = rf r^'^ 
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From the equation (7.3) for i = and the equation (7.5), it follows that 
(7.6) r?=r°=rO = 

If 1 = 1, 2, 3, then we can write the equation (7.3) in the following form 

"i — ' 0' i '^10 + ' 0' i*-^o; + ' 0' i '^ab + ' 0' i '^ba 



(7.7) 



^r^j.lr'l A.r'^r^n} irb^a/^l 



i = 1,2,3 



ab 



^k^j^lO 



^k^j'^Ol ^k^j'-'ba 



„b„a(^l 
^k^j ^ab 



i = 1 


k 


= 2 


j = 3 


i = 2 


k 


= 3 


j = l 


i = 3 


k 


= 1 


3 = 2 


< a < b 


a 




b^l 



From equations (7.7), (7.6) and equations 
(7.8) 

it follows that 



r'- 



'-'10 



ba 



(7.9) 





„b ar^l 
~ ^O^i '-'ab 




- r'orfCit, 


„0 I a b/^l 
'O'i 'O'i'^ab 


+ r^orfClf, 


i = 1,2,3 




„a b/^l „b a 
^k^j'-'ab ^k^j 


^Lb 


a b/^l „b„a 
^k^j'-'ab ^k^j 


^Ib 


a b/^l „b a 
'k'j'^ab ' k' j 


cib 



i=l 


k 


= 2 


j = 3 


i = 2 


k 


= 3 


3 = 1 


i = 3 


k 


= 1 


3=2 


< a < b 


a 




b^l 
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From equations (7.9) it follows that 



(7.10) 



rSrt - ror 


f =0 




i = 1,2,3 












i = 1 


k = 2 


J = 3 


i = 2 


k = 3 


J = l 


i = 3 


k = l 


J = 2 


< a < b 


a ^ I 


b^l 



From the equation (7.10) it follows that 
(7.11) 4 = 1 

From the equation (7.4) for / = 0, it follows that 



'o'o 



'o'o 



'o'o 



'o'o 



(7.12) 



i i ^ i i ^ i i ^ i i 

1,2,3 



From equations (7.6), (7.10), (7.12), it follows that 



= 

(7.13) 1 = 

1 =1,2,3 
From equations (7.13) it follows that^ 



_j_ ^2™2 _j_ ~.3~.3 



(7.14) 



'0 







From the equation (7.4) for / > 0, it follows that 



(7.15) 



■ ^i^i'^lO ^i^i'-'Ol ^i^i'-'ab 

i>0 

l>0 < a <b a^l b^l 



ba 



Here, we rely on the fact that quaternion algebra is defined over real field. If we consider 
quaternion algebra over complex field, then the equation (7.13) defines a cone in the complex 
space. Correspondingly, we have wider choice of coordinates of linear automorphism. 
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Equations (7.15) arc identically true by equations (7.6), (7.14), (7.8). From equa- 
tions (7.14), (7.10), it follows that 



(7.16) 



k 
k 
k 



2 
3 
1 



3 
1 
2 



□ 



l>0 <a<b a^l b^l 
Equations (7.1) follow from equations (7.16). 
Example 7.2. It is evident that coordinates 

r' = i5' 

satisfy the equation (7.1). It can be verified directly that coordinates of mapping 



'0 



1 



1 



„2 
'3 



rf 



1 



also satisfy the equation (7.1). The matrix of coordinates of this mapping has form 



A 








\ 








1 














1 




1 





V 



According to the theorem [4]-3.3.4, standard components of the mapping r have 
form 



r°° = 


1 

4 


„ii _ 1 

' ~ 4 


J.22 


1 

~ 4 


^33 _ 1 
' ~ 4 


^10 ^ 


1 
4 


^01 _ 1 
' ~ 4 


j,32 


1 

4 


^23 _ 1 
' 4 


^20 ^ 


1 

4 


^31 _ 1 
' ~ 4 


J.02 


1 

~ 4 


„13 _ 1 
' ~ 4 


^30 ^ 


1 

4 


^21 _ 1 
' ~ 4 


J.12 


1 

~ 4 


^03 _ 1 
' ~ 4 


mapping 


r has form 










r 


(a) = a° + 


a^i + 




a^k 


r{a) = I 


(«- 


iai — jaj - 


- kak 


— ia + 


ai — kaj — 




-ja - 


- kai + aj 


- iak 


— ka - 


' jai — iaj - 



ak) 



□ 



8. Ring with Conjugation 



Let there exist commutative subring F of ring D such that F ^ D and ring D is 
a free finite dimensional module over the ring F. Let e be the basis of free module 
D over ring F. We assume that eo = 1. 



Theorem 8.1. The ring D is F-algebra. 
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Proof. Consider mapping 

(8.1) f : D X D ^ D a,beD^abeD 

Since the product is distributive over addition, then 

f{ai + a2, b) = (ai + 02)6 = aib + a^b = /(ai, 6) + f{a2,b) 

(8.2) 

/(a, bi + 62) = a{bi + 62) = a^i + a&2 = f(a, bi) + f{a, 62) 
If a e F, then 

f{ab,c)={ab)c = a{bc) = af{b,c) 

(ti.6) 

f{b, ac) = b{ac) = {ba)c = {ab)c = a{bc) = af{b, c) 

From equations (8.2), (8.3), it follows that the mapping / is bilinear mapping over 
the ring F. According to the definition [4J-2.2.1, the ring D is F-algebra. □ 

Corollary 8.2. The ring F is subalgebra of F -algebra D. □ 

Consider mappings 

Re : D ^ D 
Im : D ^ D 

defined by equation 

(8.4) Red = d° Imd^d-d'^ deD d = d% 

The expression Re d is called scalar of element d. The expression Im d is called 
vector of element d. 

According to (8.4) 

F = {de D ■.Rcd = d} 
We will use notation RcL* to denote scalar algebra of ring D. 

Theorem 8.3. The set 

(8.5) ImD = {de D ■.Red = 0} 

is (ReD)-module which is called vector module of ring D. 

(8.6) D = ReD®lm.D 
Proof. Let c, d e Iml?. Then cq = do = 0. Therefore, 

(c + d)o = Co + do = 

If a e RcD, then 

{ad)o = ado = 
Therefore, ImD is (Re £')-module. 
Sequence of modules 

^ReL>^^i:»^^ImD ^0 
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is exact sequence. According to the definition (8.4) of the mapping Re , following 
diagram is commutative 

id 




ReD 

According to the statement 2 of the proposition [1]-III.3.2, 

(8.7) £) = id(ReD) ©kcrRe 
According to the definition (8.5) 

(8.8) kerRe = {d e I? : Red = 0} = Im£) 

The equation (8.6) follows from the equations (8.7), (8.8). □ 
According to the theorem 8.3, there is unique defined representation 

(8.9) d = Red + lmd 
Definition 8.4. The mapping 

(8.10) d*^Rcd-lmd 

is called conjugation in ring provided that this mapping satisfies 

(8.11) {cdy=d*c* 

The ring D equipped with conjugation is called ring witii conjugation. □ 

According to the theorem 8.1, the ring with conjugation D is associative (ReD)- 
algebra, which we also call algebra witii conjugation. 

Corollary 8.5. 

(8.12) {d*)* = d 

□ 

It is evident that there exist rings where condition (8.11) is not fulfilled. To un- 
derstand the properties of a ring with conjugation we consider structural constants 
of (Re r')-algebra D. The equation 

(8.13) C'ok = = 6f 
follows from the equation Id = dl ~ d. 

Theorem 8.6. The ring D is ring with conjugation if 

1 < k < n 1 <l < n 1 <p <n 

Proof. From equations (8.9), (8.10) it follows that 

(cd)* = (Re c Re d + Re c Im d + Im c Re d + Im c Im d)* 
(8.15) y ^ y ' 

= Re c Re d — Re c Im d — Im c Rc d + (Im c Im d) * 
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d* c* =(Red- Im d)(Re c - Im c) 

(8.16) ^ ' 

= Re d Re c — Re d Im c — Im d Re c + Im d Im c 

Therefore, from the equation (8.11), it foUows that 

(8.17) (Imc Imd)* = Imd Imc 

Let e be the basis of the (Re £))-algebra D. From the equation (8.17), it foUows 
that 

(C7° c'^d' + CZiC>'d%r = C° c^d' - C^^c'^d% 



(8.18) 

= C2,d''c' +Cf:,d''c'e^ 



1 < k < n 1 < I < n 1 <p <n 
The equation (8.14) follows from the equation (8.18). □ 
Corollary 8.7. 



Cfc efe e Re D 



□ 



We can represent the conjugation using the matrix / 

d*^Iod 12= 59. Ik= dh k=0,...,n 
(8.19) k k 

jm _ _ cm Tk _ _ sik rn — ^ n 

Example 8.8. The product in the set of complex numbers G is commutative. 
However, complex field has subfield R. The vector space Im C has dimension 1 and 
the basis e\ = i. Accordingly 



c* = c° - c\ 



□ 



Example 8.9. The division ring of quaternions H has subfield R. The vector space 
Im H has dimension 3 and the basis 

ei = i 62 = i 63 = fc 

Accordingly 

d* =d° - d^i - d^j - d^k 

□ 

9. Linear Mapping of Algebra with Conjugation 
We can consider the ring D as Z?*- module of dimension 1. 
Theorem 9.1. D*-linear mapping of the ring with conjugation D has form 

(9.1) f{c) = cd deD 

Lete be {TlcD)-basis of the ring D. Coordinates of the mapping f 

(9.2) f{c)=c'fie, 
relative to the basis e satisfy to the equation 
(9-3) fi=foCl 
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(9.4) d^f!,ei 
Proof. (Rc Dj-linear mapping satisfies to equations 

(9.5) f{ac) = {ac)'fiej = a^c^CUiej 

(9.6) a/(c) = a'^-imyciei = a'^c'ficlrej 
From equations (9.5), (9.6), it follows that 

(9.7) a^c^Cijie^ = a^c'ftcle^ 
The equation 

(9.8) Clfi = ficl 

follows from the equation (9.7). 

From the equation (9.8) it follows that^ 

(9.9) cui = fici 

From equations (8.13), (9.9), it follows that 

(9.10) sui = r,ci 

The equation (9.3) follows from the equation (9.10). 
From equations (9.2), (9.3), it follows that 

(9.11) /(c) = c'/^C^ei 

The equation (9.4) follows from the equations (9.1), (9.11). □ 
Definition 9.2. Let D be the ring with conjugation. The mapping 

is called D^-antilinear,^ if the mapping / satisfies to the equation 

(9.12) f{da) = f{a)d* 



□ 



Theorem 9.3. Di^-antilinear mapping of the ring with conjugation D has form 

(9.13) f(c) = dc* = dl oc deD 

Let e be (ReD)-basis of the ring D. Coordinates of the mapping f 

(9.14) fic)=c'fiei 
relative to the basis e satisfy to the equation 

(9.15) f{=foIlCL 

(9.16) d = ftei 



^Let I = 0. 

made the definition 9.2 by analogy with the definition 5.1. This definition also takes into 
account the requirements for antilinear homomorphism in the definition 10.2. 
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Proof. (Re Dj-linear mapping satisfies to equations 

(9.17) f{ac) = {{ac}*yfiej = c^a^iC;^)* ffej 

From equations (9.17), (9.18), it follows that 

(9.19) c^a^iCi^yf.ej = ly ftli.a'^Ci.ej 
The equation 

(9.20) {c;^*fi = lUii^cl 

follows from the equation (9.19). 

From the equation (9.20) it follows that^ 

(9.21) {ci^ni = I'oftipL 

From equations (8.13), (8.19), (9.21), it follows that 

(9.22) Sifi=6^ftl^Ci, 

The equation (9.15) follows from the equation (9.22). 
From equations (9.14), (9.15), it follows that 

(9.23) /(c) = c^f^liCi-ej = f^lWCle^ = f^{c*yci,ej 

The equation (9.16) follows from the equations (9.1), (9.23). □ 
Theorem 9.4. // mapping 

is D-k-linear mapping, then mapping 

g:D^D .g(d) = (/(d))* 

is D-k-antilinear mapping. 

Proof. The theorem follows from the equation 

g{cd) ^ {f{cd)y ^ {cfidy* = {f{d)rc*=g{d)c* 
and the definition 9.2. □ 

10. Antilinear Homomorphism of D*-Algebra 
In this section D is a ring with conjugation. 
Theorem 10.1. Let diagram of representations 



(10.1) 



^ /l l,2 . /l-2,3 . „ / ,s _ ,_ 

D Ai — *^ Ai fi.i^2(d) ■■ V dv 

/i-i,2 /l■2,3(^') : w ^ Ci (w, w) 
D C^eCiAlA,) 



*Let p = 0. 
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describe D*-algebra Ai . Let diagram of representations 

/2-l,2 . /2-2,3 . J. / ,N _ , _ 7 

D—*—^A2 — *^A2 /2 i,2(a) : -wa 

(10.2) 



M,2 /2-2,3(w) : w-> C2(w, w) 
^ C^eCiAlA^) 
describe -kD-algebra A2. Morphism of D-k- algebra Ai into -kD-algebra A2 

ri : D ^ D ¥2 : Ai ^ A2 

ri{d)^d* 

is D-k-antilinear mapping of D^- algebra Ai into -kD-algebra A2 such that 
(10.3) r2(a6) = r2(6)r2(a) 

Proof. According to equation [5]-(4.2.3), morphism (ri,r2) of representation /i^2 
satisfies to the equation 

4^ r2(/i.i,2(d)(a)) = /2.i,2(ri(rf))(r2(a)) 

r2(da) = r2{a) d* 

Therefore, the mapping (ri,r2) is -D^^-antilincar mapping. 

According to equation [5]-(4.2.3), the morphism (r2,r2) of representation /2,3 
satisfies to the equation^ 

(10.5) r2(/i.2,3(a2)(a3)) = /2-2,3(7'2(a2))(r2(a3)) 
From equations (10.5), (10.1), (10.2), it follows that 

(10.6) r2(Ci(iJ,7U)) =C2(r2(7U),r2(T7)) 

Equation (10.3) follows from equations (10.6), (6.3). □ 

Definition 10.2. The morphism of representations of _D*-algebra Ai into -kD- 
algebra A2 is called D^-antilinear iiomomorphism of D^-algebra Ai into -kD- 
algebra A2. □ 

Tiieorem 10.3. Letei be the basis of D-k -algebra Ai. Let 62 be the basis of -kD- 
algebra A2- Then antilinear homomorphism^'^ {ri,f2) of D-k -algebra Ai into -kD- 
algebra A2 has presentation^^ 

b=e2**r2**ri{a) = 62.^ r2.*- ri(a^) 

(10.7) V / 

b= r2**ri{a) 

relative to selected bases. Here 

• a is coordinate matrix of vector a relative the basis ei . 

• b is coordinate matrix of vector 

b = ¥2(0) 

relative the basis £2 . 



'^Since in diagrams of representations (6.4), (6.5), supports of r22-algcbra and Ha-algebra 
coincide, then morphisms of representations on levels 2 and 3. coincide also 
^'^This theorem is similar to the theorem [2]-4.4.3. 

^^For complex field, the equation (5.11) is consequence of the equation (10.7). 
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• r2 is coordinate matrix of set of vectors (^2(61.;)) relative the basis €2- 
The matrix r2 is called matrix of antilinear homomorphism relative 
bases ei and 62- 

Proof. Vector a <E Ai has expansion 

a ~ a*,ei 

relative to the basis ei . Vector b ^ A2 has expansion 

(10.8) b = e2**b 

relative to the basis €2- 

Since (ri,f2) is an antilinear homomorphism, then from (10.4), it follows that 

(10.9) b = ¥2(0) = r2(a*,ei) = r2(ei)**a* 
where 

/ («')*\ 



\{a"rj 

r2{ei i) is also a vector of *Z)-module A2 and has expansion 

(10.10) ?'2(ei.,) = e2**r2.,; = Cj r2.-- 
relative to basis 62- Combining (10.9) and (10.10) we get 

(10.11) b = e2o°r2o°a* 

(10.7) follows from comparison of (10.8) and (10.11) and theorem [2J-4.3.3. □ 

Theorem 10.4. Letei be the basis of D-k-algebra Ai. Let 62 be the basis o/*D- 
algebra A2 . There exists relation between the matrix of antilinear homomorphism 
and structural constants 

(10.12) {Cjjrr,i=r,.^r,.1C2.U 
Proof. Let 

a,b € Ai a — a*^,ei & = fe*,ei 
From equations (6.2), (6.3), (10.1), it follows that 

(10.13) ab = a^b> C^.^ei.k 
From equations (10.4), (10.13), it follows that 

(10.14) r2{ab) = r2{e,.,){a'VC,.%r = r2{ei.k){C,.%r {Vf {a')* 
From the theorem 10.3 and the equation (10.14), it follows that 

(10.15) Uab) = e2.i r2.i{C,.%r{ay{Vr 
From the equation (10.3) and the theorem 10.3, it follows that 

(10.16) r2(a6) =r2(6)r2(a) = e2.<jr2.](6-0*e2.pr2.f(a')* 
From equations (6.2), (6.3), (10.2), (10.16), it follows that 

(10.17) Uah) = e2.i C2.'r^.'l{arr2.Wy 
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From equations (10.15), (10.17), it follows that 

(10.18) e2.,r2/,(C,.f,.)*K)*(&-'r =e2.C2.U^2.rK)*^2.I(&^r 

The equation (10.12) follows from the equation (10.18), because vectors of the basis 
62 are linear indepensent, and a', b' (and therefore, ri(a'), ri(&*)) are arbitrary 
values. □ 

11. Involution of Banach D- algebra 

In this section Z? is a ring with conjugation. Wc also will assume that there is 
structure of _D*- module and *Z?- module in Abelian group A.^^ 

Definition 11.1. Let ^ be a Banach D-algebra. Involution is an antilinear homo- 
morphism x ^ x* , x £ A, satisfying 

(11.1) x**=x 

\\x*x\\^\\xr 

x,y & A 

□ 

Theorem 11.2. Let A be a Banach D-algebra. Let mapping x x* , x & A, be 
involution. Then 

(11.2) {xyY = v*x* 

Proof. The equation (11.2) is consequence of the definition 11.1 and the theorem 
10.1. □ 

Definition 11.3. The basis e is called normal basis, if ||e; || = 1 for any vector 
of the basis e. □ 

Without loss of generality, we can assume that the basis e is normal basis. If we 
assume that the norm of the vector Ci is different from 1, then we can replace this 
vector by the vector 

1 _ 



Theorem 11.4. Let D be commutative ring. If the mapping 

f:Ai^A2 
is linear mapping, then the mapping 

h{x) = f{x*) 
is antilinear mapping. If the mapping 

f:Ai~^A2 
is linear homomorphism, then the mapping 

h{x)^f{x*) 

is antilinear homomorphism. 



"'^^Conditions when this requirement is fulfilled, will be discussed in a separate paper. This 
condition is evident if D is field. This condition is satisfied according to the theorem [2J-6.3.1 if 
D is division ring. 
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Proof. According to the theorem 10.1 and the equation (10.4) 

(11.3) {da)*=a*d* deD aeA 
If / is hncar mapping, then 

(11.4) f{dx) - df{x) 
From equations (11.3), (11.4), it follows that 

h{xd) = f{{xd)*) = fid* X*) d* f{x*) = d* h{x) 
If / is hnear homomorphism, then from equations (6.6), (11.2), it foUows that 

h{ab) = f{{ab)*) = fib* a*) = /(6*)/(a*) = hib)hia) 
Therefore, h is antihnear homomorphism. □ 

12. C*-ALGEBRA 

Definition 12.1. A C*-algebra A is a Banach C-algebra that is endowed with 
an involution. ^'^ □ 

According to the theorem 5.4, involution has form 

ix*r = f°ix°^ + fMx'' 



(12.1) 

relative to the basis cab. ■ 
Theorem 12.2. 



(12.2) 



"k ~ JOi JOk "T Joi Jok 



■'k ~ Joi JOk "T JOi JOk 

fOj rli _ rlj rOi 

^ ~ JOi JOk JOi JOk 

Proof. From the equation (12.1) it follows that 

ix**fi=fiiix*r'+fiiix*Y' 

_ fOj I fOi ^Ok I fli„lk\ I f^il fli„Ok _ fOi „lk\ 
— JOi \JOk-^ "T JOk-^ ) JOi \J Ok-^ J Ok-^ ) 

_ fOj rOi^Ok I fOj rli Ik I flj fli„Ok _ flj fOi 
loiJOk-^ 'JOi JOk-'' ' J Oi J Ok-'' J Oi J Ok 



(12.3) 

{x**r'=fon^''r-fo'i^*y' 

_ fij(fOi^Ok I fl^_,lfc^ _ fOj f fli Ok _ fOi^lk\ 

— JOi Uofc-^ ' JOk-'' ) JOi \Jok-'' JOk-'' ) 

_ flj fOi^Ok I flj fli„lk _ fOj fli Ok , fOj fOi^lk 

— JOi JOk-'' 'JoiJOk-'' J Oi J Ok-'' ' J Oi J Ok-'' 

(12.2) follows from equations (11.1), (12.3). □ 
Theorem 12.3. 
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(12.4) 



ko fOi , r' ki fii 

^AC ij JOk + '-'AC ij JOk 

fOpfOq^ 10 _ flpflq^ 10 _ fOpflq^ n _ flpfOq^^ 
' JOj JOi ^AC-pq JOj JOi ^ACpq J Oj JOi ^ACpq J Oj JOi ^ACpq 

ko fii ri ki fOi 

'^AC ij JOk '^AC ij JOk 

fOpfOq^^ 11 flpflq^^ 11 . fOpflq^^ 10 , flpfOq^ 10 
- JOj JOi '-^AC pq JOj JOi '^AC pq ' JOj JOi '-^AC-pq ' JOj JOi '^AC pq 



-'^'^This definition is based on the definition [6]-2.2.1. 
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Proof. From the equation (5.11) it follows that 
(12.5) 



From equations (3.17), (12.5), (10.12), it follows that 



i'-^AC-ij)* fk 



Jj Ji '^AC pq 



(12.6) 



■ if of + foj''')Uoi + foi''')(^ACpq 



rOq 



/Ofc' 
JO 



From the equation (12.6) it follows that 

kO fOl \ r< kl fll I f/^ 
^AG-ii Jok + ^ACii J Ok + V'-'- 



(12.7) 



/ fOp nOq 

- yJoj Joi 

rOp rOq^ 

■ Jo i JOi 



AC ij J Ok 
Op flq , flp fOq\ 



kO fll r' klfOl\- 
Jok '^AC-ij /Ofc/' 

fojfoi + ifojfoi + foj foi)''')i^Ac 'pq + ^AC-pq*' 
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Oj JOi ^AC pq 



10 fipf^qn 10 

Joi JOi '^A 



fOp flqr^ 
Joi Joi 



11 f^PfOq^ 11 
Joi Joi ^A 



lOj JOi'^ACpq JOj JOi^ACpq JQj JOi^ACpq 

(fOprOq^y 11 _ flpflq/^ 11 , rOpflqf^ IQ . rip fOq f~i JO ^ 
\JOj JOi '-^ACpq JOj JOi ^ACpq J Oj JOi ^ACpq JOj JOi ^ACpq) 

The equation (12.4) follows from the equation (12.7). 

13. Example of Involution 

Let 

\ 0^ 




1 0^ 

be basis e of algebra of 2 x 2 matrices. Matrix 






1 

















1 



has expansion 



11 12 
fllGl +0261 



ale\ 



2„2 



+ floe 



relative to the basis e. Structural constants in algebra of matrices have form 

JTfe 



q-j-l 



Sides'; 



The product of matrices a and b has form 
If we represent the matrix a as vector 



/.A 
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then we can represent the matrix of transformation / 



in the following form 



The matrix 



i k 



In 


1 
1 


n 


1 

2 




2 
1 


fl 2\ 
J 1-2 


n 


1 
1 


n 


1 
2 


n 


2 
1 


fl 2 
J 2-2 


n 


1 
1 


n 


1 
2 


n 


2 
1 


f-2 2 
i 1-2 


\n 


1 
1 


n 


1 
2 


n 


2 
1 


/ 2-2 / 



(l 

















1 








1 
















1 



corresponds to the transposition 





(a\ 














A 




(al 
































4) 




14 


4 



Since we do not have analytic representation for transposition operator, then we 
use nonstandard format of representation. 



/l 



(13.1) 






1 



1 
1 

1 

2 
2 

1 

2 
2 



\ 


(a\\ 


/i 








o\ 


(b\\ 




4 








1 









4 





1 








bl 


/ 


[4) 










V 


\bl) 



4) 



I . 2 



b\] 




(v 

9 


1 
1 


a}6i- 




bl 




P 
9 


1 
2 






bl 




P 

q 


2 
1 


4bl- 




bl) 




\i 


2 
2 


4bl~ 


^4bl 



fl 












^blal" 








1 







b\4 





1 










bla\ 










V 




\bl4) 



iibafy. 
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If are complex numbers, then involution can be represented by antilinear 
mapping with matrix 













1 





1 








1 








\ 















-1 


1 








1 






























1 





1 


1 
















/ 















1 








-1 1 


























1 






1 











/ 


















1 1 








1 



















'J 












1 


-1 





] 


























1 








1 


1 















[ 








1 








1 





-1 


/ 
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C*-pancoflHH 



AjieKcaHflp KjieiiH 



AHHOTAL^Mi^. B CTaTi>e paccMOTpeHbi jiHHeiiHbie H aHTiijiHHeHHbie OTo6pa?Ke- 
HHH KOHeMHOMepHOH ajire6pbi Ha/; KOMnjieKCHMM nojieM, a TaK>Ke OTo6pa?Ke- 
HHe HHBOjiiOij,HH. PaccMOTpGH TaiOKe npHMep C*-ajire5pbi. 
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1. IIPEflHCJTOBHE 

HocKOjibKy H Hsynaio MaTeMaTHnecKHH anajiiis b 6aHaxoBOH ajire6pe, TpyflHO 
o6oiiTH BHHMaHHeM C*-ajire6py, KOTopaa HBjiaeTca HHCTpyMCHTOM b KBaHTOBOfi 
MexaHHKe. OflnaKO, npe»yi,e hbm paccMOTpeTB KOHKpeTHtie pesyjibTaTbi, mhc Hyxc- 
HO 6bijio noHHTb CTpyKTypy jiHHeiiHoro OTo6pajKeHHH C*-ajire6pbi. 3to nocjiyjKHjio 
npHHHHOii HanHcaTb STy CTaTbio. 

O^HaKO cymecTByiOT pasjiHHHbie ajire6pi>i, r^e onpe^ejieno conpajKCHHe. Uo- 
3T0My H peniHji He orpaHHHHBaTb ceGsi nojiCM KOMnjieKCHbix hhccji. PaccMOTpenHe 
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AjieKcaHflp Kjichh 



jiHHeftHBix H aHTHjiHHeHHbix OTo6pa}KeHHH ajire6pbi c conpaxeHHeM OKaaajiocb ot- 
jih^ihijIm ot KOHLi;enri,HH, KOTopyio a paccMaTpiiBaji b [4]. 3aMaHHHBO HafiTii yTBep- 
jKfleHHe, anajiornHHO TOMy, ^ito a/mnTHBHoe OTo6pa>KeHHe nojia KOMnjieKCHbix hh- 
ceji MOJKHO pasjiojKiiTb B cyMMy jiHHefiHoro ii aHTHjiHHefiHoro OToSpascenHii. IIo- 
;i,o6Hoe yTBepjKfleHHC OKasajiocb 6bi mocthkom MejK^y pesyjibiaTaMH b [4] ii stoPl 
CTaTbeit. 0;i,HaKO cctb ocHOBaHHs nojiaraTb, hto b o6iLi;eM cjiynae sto yTBepjKfleHHe 

HeBCpHO. 

3to osHa^aeT, hto b o6iii,eM cjiynae paccMOTpeHHe conpajKeniiH He;i,ocTaTOHHO 
^jiH nojiHOii KjiaccH4)HKaD,HH jiHHefiHbix OToSpajKeHiiii. O^HaKO 3Ta Kjiaccii4)HKa- 
Li,HH BajKHa fljia Toro, HTo6bi hohhtb CTpyKiypy saMKHyTofi flH4)4)epeHLi,HajibHOH 
cjDopMbi B 6aHaxoBOH ajire6pe. 

2. CorJIAUIEHHH 

IlycTb A - CBo6oflHaH KoneHHO Mepnaa ajire6pa. IIpH pasjio^KeniiH sjie- 
MBHTa ajire6pbi A OTHOCHTejibHO 6a3Hca e mbi nojitayeMCH oflHofi h Toii 
»ce KopHCBOH 6yKB0H fljiH o6o3HaHeHHH 3Toro sjieMCHTa h ero KOop^HHaT. 
OflHaKO B ajireGpe ne npHHHTO HcnojitsoBaTb BeKTopHbie o6o3Ha^eHHH. B 
BbipajKCKHH He hcho - 3TO KOMnoHCHTa pasjiojKeHHH sjieMCHTa a othoch- 
TejibHO 6a3Hca hjih 3to onepai^na B03BefleHHH b CTenenb. ^jih o6jierT^eHHH 
HTeHHH TeKCTa Mbi 6yfleM HH^eKC sjiCMCHTa ajireSpbi BbiflejiHTb i^bctom. 
HanpHMep, 

a = a^e-i 

EcjiH CBo6oflHaH KOHeiHOMepnaH ajire6pa HMceT ejxanmiy, to mbi 6y;i,eM 
OTOHCflecTBjisTb BCKTop 6a3Hca Co c eflHHHn,eH ajire6pbi. 
XoTH ajire6pa HBjiaeTCH cboSoahbim MO^yjieM na^ neKOTopbiM kojibi^om, mbi 
He nojiB3yeMCH BeKTopHbiMH o6o3HaHeHiiaMH npii 3anHCH sjieMeHTOB ajire6- 
pBi. B Tex cjiy^aax, Korfla h paccMaTpHBaio MaTpHn,y KOopflHHaT ajieMeHTa 
ajire6pBi, h 6yfly nojiB30BaTbCH BeKTopHBiMH o6o3HaHeHHaMH jijir sanHCH 
cooTBeTCTByiomero sjieMenTa. Hto6bi ne B03HiiKajia HeoflH03HaHHOCTB npii 
3anHCH conpHJKeHHH, h 6yfly o6o3HaHaTB a* sjieMenT, conpajKenHbiH sjie- 
MBHTy a. 

Be3 coMHeHHH, y HHTaTejiH MoryT 6bitb BonpocBi, 3aMeHaHHH, B03pa}KeHHH. 
51 6y;i,y npiranaTejien jiio6oMy OT3BiBy. 

3. C-AJirEBPA 

PaccMaTpHBaeMoe HiiJKe nocTpoemie ocHOBano na nocTpoeHHH, BbinojiHenHOM b 
pa3flejie [3]-5. B stoh CTaTbe mh 6y;i,eM nojib30BaTbCH oSosHaneHHHMH, npiiHHTbiMH 
B 3T0M pasflejie. 

IlycTb C - nojie KOMnjieKCHbix nuceji. IlycTb ec 

(3.1) eco = 1 eci = i 

6a3HC ajire6pbi C na/i, nojieM fleftcTBiiTejibUbix Hiiceji R. HpoiaBefleHHe b ajire6pe 
C onpeflejieno corjiacHO npaBHjiy 

(3.2) ec.i = -ec-o 
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CorjiacHO TeopeMe [3]-3.1 CTpyKTypHbie KOHCTaHTbi nojiH KOMnjieKCHbix nnceji C 
'R'Aji nojiCM fleftcTBHTejibHijix miceji R HMeiOT Biifl 

(3 3) ^ ^ ^ ^ 

Cc.}o=l Cc■1^=-l 

CorjiacHO onpeflejienHio [4]-2.2.1, C-ajire6pa A HBjiaeTCH C-BeKTopHbiM npo- 
CTpaHCTBOM. IlycTb CAc - C-6a3HC KOHCHHO MepHOH C-ajire6pbi A. ITpoHSBefleHHe 
B C-ajire6pe A onpe^ejieHO paBencTBOM 

(3.4) eACkSACl = CACki^ACi 

rfle CAC-ij ~ CTpyKTypHbie KOHCTaHTbi C-ajire6pbi A na/i, nojiCM C. 

51 6y;i,y paccMaTpuBaTb C-ajire6py A KaK npaMyio cyMMy ajire6p C. KajK^oe 
cjiaraeMoe cyMMbi a OTO}K;i,ecTBjiHio c BeKTopoM 6a3Hca cac ■ CooTBeTCTBeHHO, h 
Mory paccMaTpuBaTb C-ajire6py A KaK ajire6py na/i, nojiCM R. IlycTb bar - GasHC C- 
ajire6pbi A na^ nojieM R. Hh^bkc 6a3Hca car coctoht h3 flByx nHfleKCOB: iiHflCKca 
cjiOH H HHfleKca BCKTopa 6a3Hca ec b cjioe. 

51 5y^y OTO}K/;ecTBjiHTb BeKTop 6a3Hca CAc-i c e^HH^mefi b cooTBCTCTByiomeM 
cjioe. Tor^a 

(3.5) eARji = ecje-ACi 
npoH3BefleHHe seKTopoB 6a3Hca car HMeeT bh^ 

(3.6) SAR-jieAR-mk = '^C-j'^ACi^Cm'^ACk = Cc-'jm^CaCAc\k'^ACb 

(3.7) e-AR-OOeAR-ki =eARki 

(3.8) eAR-W&ARli = —eAROi 

TaKKaK Cac-^u ^ C , to pa3Jio}KeHHe CAc-'lk ^ ^ OTHOCHTCJibHO 6a3Hca ec HMeei 

BHfl 

(3.9) CAc\k = CAc\k'^C-c 

Mbi MO>KeM npeflCTaBHTb npeo6pa30BaHHe / c noMombro Maxpimbi /^^ 

(3.10) a'^= = fUa"' 

(o.l 1 j 

a •' - 7o( a + Jii°- 
Mbi MO>KeM npe^CTaBHTb c ^ C b cjieflymmeM BH^e 

(3.12) c = c°eAR-oo + c^eAR-io 

(3.13) C* = C° BAR OO - CAR IO 

Hs paBCHCTB (3.7), (3.8), (3.12), cjie^yeT 

(3.14) (ca)°^ = c°a°* - c^a^^ 

(3.15) (ca)i^ =c°ai* + cia°^ 
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TeopeMa 3.1. CmpyKmypnue KOHcmaHmu C-aAze6pu A Had noAeM deilcmeu- 
mcAbHux HuccA R UMetom eud 



(3.16) 



Car- 


-Ob 

-Oi-Ok ~ 


CAC-ik 


Car, 


-Ob 

-li-lk — 


ri bo 

-^AC-ik 


Car- 


-Ob 

-Oi-lk ~ 


ri bi 


Car, 


-Ob 

-li-Ok ~ 


ri bi 

-^AC-ik 


Car, 


-\b 

-Oi-lk ~ 


CAC-ik 


Car- 


•lb 

-\i-Ok ~ 


CAC-ik 


Car- 


•lb _ 
-Oi-Ok ~ 


CAC-ik 


Car, 


•lb 

-\i-lk — 


-CAC-il 



/(oKasameMbcmeo. CorjiacHO paseHCTBaM [3]-(5.3); [3]-(5.5), CTpyKTypHbie 
CTaHTbi ajire6pbi A na/i, nojiCM R iiMemT bh^ 



KOH- 



ri -db 
'^AR-.ji.mk 



- Cc-jmCc-icCAC-'lk 



(3 17) -jt'-ti^ti ^ Jill- — IK 

CAC-ik = CAC-ikec-c = CAC-ik + CAC-il'i- 
Ha paBCHCTB (3.3), (3.17) cjie^yeT 



(3.18) 



Cc-jmCc-llCAC-il 



(3.19) 





= Cc 


. „ bO 
jm AC - ik 




Cc-]mCAC-tl 


^'-ji-mk Cc 


]mCc-\oCAC-'ll + 


Cc-°mCc 




= Cc 


1 . „ bO 
jm AC- ik 


+ 


Cc-jmCAC-ik 


3.18) cjieflyeT 










Car- 


■Ob 

•Oi Ofc ~ 


Cc-oqCac 


bO 
ik 


-Cc 


OoCAC-1k 


Car- 


■Ob 

•lilfe ~ 


Cc-\iCac 


bO 
ik 


-Cc 


llCAC-il 


Car- 


■Ob 

■Oilfe — 


Cc-oiCac 


bO 
ik 


-Cc 


OlCAC-ik 


Car- 


■Ob 

■li Ofc ~ 


Cc-iqCac 


bO 
ik 


-Cc 


loCAC-ik 


Car- 


■lb 

■Oi lfe ~ 


Cc-oiCac 


bO 
ik 


+ Cc 


OlCAC-ik 


Car- 


■lb 

■liOfe — 


Cc-iqCac 


bO 
ik 


+ Cc 


loCAC-ik 


Car- 


■lb 

■Oi Ofc ~ 


Cc-ooCac 


bO 

ik 


+ Cc 


OO'-'AC-ik 


Car- 


■lb 

■lilfe ~ 


Cc-\iCac 


bO 
ik 


+ Cc 


llCAG-ik 



bl 



(3.16) cjie/iyeT h3 paBCHCTB (3.3), (3.19). 



□ 
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Hs paBeHCTBa (3.16) cjieflyeT, hto 



Car- 


-Ob 

■Oi-Ok ~ 


—Car- 


-Ob 

■li lfe ~ 


Cac 


bO 

ik 


Car- 


■Ob 

•Oilfc ~ 


Car- 


■Ob 

■li Ofe ~ 


—Cac 


bl 

ik 


Car- 


■15 

•Oilfc — 


Car- 


■lb 

■liOfe — 


Cac 


bO 
ik 


Car- 


■lb 

•Oi Ofc ~ 


—Car- 


■lb 

■lilfe — 


Cac 


bl 

ik 



(3.20) 



4. JIHHEHHOE 0T0BPA>KEHHE C-AJirEBPbl 

Onpe/i,ejieHHe 4.1. OToSpajKemie C-BeKTopntix npocTpancTB 

f:Ai^A2 

HasbiBaeTCH C-jiiiHenHbiM, ecjiH 

(4.1) f{ca) = c/(a) ceC aeA 



□ 



TeopeMa 4.2 (ypaBHCHHH KoniH-PiiMaHa). Mampuv,a auhcuhozo omo6paMceHusi 
C-eeKmopnux npocmpaHcme 

,,ik ri 



y 



ik jm 



ydoBAemeopjiem coomHomeHum 
(4.2) 



J -Oi 
J -Oi 



J -li 



-/.I 



/JoKasameAticmeo. Hs paBencTB (3.11), (3.14), (3.15) cjie^yeT 
(/M)°-' = /ofM°^+/{'f(ca)i^ 

= /of - c^o'') + f°lic°a^' + c^a°' 

= /ofc°a°^-/oV«'^ + /ifc°ai' 
'^■ = /oiM°^+/^f(ca)i^ 

= /oi (c°a°' - c^a'') + fli{c°a^' + c^a°') 



(4.3) 



(4.4) 



(/(c«)) 



HspaBencTB (4.1), (3.11), (3.12), (3.14), (3.15) cjieflyei 
(c/(a))«-' = cO(/(a))°^-ci(/(a))i^- 



(4.5) 



(c./(«)) 



(4.6) 



i^ = c°(/(a))i:'+ci(/(a))°^- 
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Ha paBencTB (4.1), (4.3), (4.5) cjieflycT 



c a 



Ha pasencTB (4.1), (4.4), (4.6) cjie^yeT 

TaK KaK c'", a^"^ npoHSBOjibHbi, to paBencTBO (4.2) cjieflyeT h3 paBencTB (4.7), 
(4.8). □ 

TeopeMa 4.3. Uycmb Cic - C-6a3uc C-eeKmopnozo npocmpaHcmea Ai, i ~ 1, 
2. Uycmb - coomeemcmeywti^uu R-6a3uc C-eeKmopnoao npocmpaHcmea Ai. 
Mampuv,a auhcuhobo omo6pamceHUH 

f-.A.^A^ 

UMcem end 
(4.9) 



''2 — Joi ■^l JOi -^1 



omHocumcAbHO 6a3ucoe cir, e2R u UMcem eud 

(4-10) ^i = fix\ fi = foi+fU^ 

omHocumcAwo Baaucoe eic, C2C 

JJoKaaamcAbcmeo. Trk krk OTo6pa>KeHHe / HBjiHeTCH i?-jiHHeHHbiM OTo6pa}KeHH- 
eM, TO OTHOCHTejiBHO 6a3HCOB eiij, e2R OTo6pa}KeHHe / HMeeT bh^ 

Oj _ fOj Oi I fOj li 

^li _ flj' Oi I flj' li 
■^2 — Joi •^l "T /li -^1 

PaBCHCTBO (4.9) cjieflyeT h3 paBencTB (4.2), (4.11). PaBencTBO (4.10) cjie^yeT h3 
paBCHCTBa (4.9) ii cpaBHemia paBencTB 

ifoi + foi^)i^ + ^l'^) = foi^ - fU^ + ifo!^ + fol^l'y 

fOj Oi j-lj li 
JOi -^1 Joi -^1 




flj' Oi I fOj li 
i/oi-^1 ^/Oi'^'l 



□ 



TeopeMa 4.2 onncbiBaeT CTpyKTypy C-jiHHeHHoro OTo6pa>KeHHH C-ajire6pbi A. 
OflHaKO cymecTBymT i?-jiHHeHHbie OTo6pa}KeHna C-ajireGpti A, ne HBjiHiomHecH C- 

JIHHeilHblMH. 
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5. AhTHJTHHEHHOE 0T0BPA>KEHHE C-AJirEBPbl 

Onpe/i,ejieHHe 5.1. Mop4)H3M C-BeKTopHbix npocTpancTB 

(5.1) I:zeC^z*eC f:Ai^A2 

Ha3biBaeTca aHTHjiHHeitHMM OTo6pa>KeHHeM.^ □ 
TeopeMa 5.2. Uycmb omo6pacHceHue C -eeKmopnux npocmpaHcme 

MBAJiemc^ awmuAUHeuHUM omo6pa3tceHueM. Tozda 

(5.2) /(ca) = c*f{a) ceC aeA 

/JoKasameAbcmeo. CorjiacHO nocTpoeHHJiM, BBinojiHeHHbiM b pasflfijie [4]-1.5, oto6- 
pajKeHHe / HEjiaeTca mop4)H3mom i?-ajire6piji C. PaBencTBO (5.2) aBjiaeTCH cjiefl- 
CTBHeM onpeflejiemiH [5]-2.2.2, h paBencTBa [5]-(2.2.4). □ 

Ecjiii c £ R, TO 

f{ca) = c/(a) 

TaK KaK c = c*. CjieflOBaTCjiBHO, aHTHjiHHefiHoe OToGpajKCHHe C-ajireGpti A hbjih- 

eTCH i?-JIHHeHHbIM OTo6pa}KeHHeM. 

TeopeMa 5.3 (ypaBHemia KoniH-PHMana) . Mampuv,a awmuAUHeuHozo omo6pa- 
otceHUM C -eeKmopnux npocmpaHcme 

f:Ai^A2 

y = fjm.x-' 

ydoeAcmeopjiem coomnomcHum 

(5.3) -^'^ 

^ ' fOj _ rlj 

Jli ~ JOi 

floKaaamcAbcmeo. Hs paBCHCTB (3.11), (3.14), (3.15) cjie^yeT 

(5.4) = /°f (c°aO^ - c^a^') + f°i{c°a^' + c^a°') 

= /of c°a°^ - f^c^a^' + f°l^a^' + f^c^a^' 

(5.5) = /o'f (c°a°^ - c^a^') + fl^{cPa^' + c^a°') 

= /of c°a°^ - /^f c^ai^ + fU^a'' + fljc^cP' 



^AnajiorHMHoe onpe^ejieHiie flano b [7], c. 234. 
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HapaBencTB (5.2), (3.11), (3.13), (3.14), (3.15) cjieflyeT 

(c*/(a))°^ = c°(/(a))0^+cH/(a))i^- 

(5.6) = c°(/°f + /°f a^^) + c'if^^a^' + fHa^^) 
= cPf^cP' + c°/^a" + ^fU^' + c'flia^' 

{c*f{a))^^ = c°{f{a)y^ -cHf{a)r^ 

(5.7) = c°(i^| + fUa^') - c^fja^' + /^a^^) 

Ha paBCHCTB (5.2), (5.4), (5.6) cjie^yeT 

= c%°f + c°/°>i^ + cVof + cVi'f a" 
Ha paBCHCTB (5.2), (5.5), (5.7) cjie^yeT 

TaK KaK c'', a*^* npoHSBOjiBHbi, to paBencTBO (5.3) cjie^yeT h3 paBencTB (5.8), 
(5.9). □ 

TeopeMa 5.4. Ilycmb Cic - C-6a3uc C-eeKmopnoso npocmpaHcmea Ai, i — 1, 
2. Ilycmb - coomeemcmeyww^uu R-6a3uc C -eenmopHOZO npocmpaHcmea Ai. 
Mampuv,a aHmuAUHCUHOzo omo6paDfceHUJi 

f:Ai^A2 

UMCem eud 



(5.10) 



■^2 — Joi •^l ^ JOi -^1 

^li _ flj' Oi _ fOj li 
■^2 — Joi ■''1 JOi -^1 



omHocumcAbHo 6a3ucoe em, e2R u uMcem eud 

(5.11) xi = fii.x\ ioz=z* n=f^+fUi 

omHocumcAbHO 6a3ucoe eic, e2C 

/JoKasamcAbcmeo. Trk KaK OTo6pa>KeHHe / HBjiaeTCH i?-jiHHeHHBiM OTo6pajKeHH- 

CM, TO OTHOCHTejIBHO 6a3HCOB Clfl, e2R OTo6paJKeHHe / HMeCT BHfl 

(5.12) ' ' ' 

.^2 — Joi -^1 + /li ■''I 

PaBeHCTBO (5.10) cjie^yeT h3 paBCHCTB (5.3), (5.12). PaBencTBO (5.11) cjie^yeT h3 
paBencTBa (5.10) h cpaBnenHH paBCHCTB 



C*-pancoflHH 



9 




fOj Oi I flj„li 
Joi -^1 "T Joi -^1 

flj' Oi _ fOj li 
yJoi -^1 JOi ■''1 

□ 

6. MOPtPHSM AJirEBPbl 

B 3T0M pasflcjie mbi paccMOTpHM ajireGpy A nafl kojibi^om D. CorjiacHO nocTpo- 
eHHHM, BbinojiHeHHbiM B pasflBJiax [5]-4.4.2, [5]-4.4.3, flnarpaMMa npeflCTaBjiCHHii 
£'-ajire6pi>i hmbct bh/i, 

£) -ii^ A A fi,2{d) ■ w dv 

(6.1) /2,3(w) : w-^ 

Ha ;i,HarpaMMe npeflCTaBjieHnii (6.1), D - KOjibii,o, A - a6ejieBaH rpynna. Mbi cnep- 
Ba paccMaipHBaeM BepTHKajibHoe npeflCTaBjieHHC, a saTeivi ropnaoHTajibHbie. Mbi 
nojiaraeM, ^^to A - CBo6oflHbiH D-k-MOflym> ([1], c. 103). CjieflOBaTejibHO, BeKTopti 
GasHca e D-k-MOfxynsi A jiHHeiiHO HesasHCHMbi. BHjiHHeiiHoe OToSpajKCHHe 

C:AxA^A 

HMecT cjieflyiomee paajiojKeHHC OTHOCnTejibHO SasHca e 

(6.2) Civ,w) = C^jv^w'ek 

CorjiacHO TCopeMe [5]-4.4.1, 6HjiHHeHHoe OTo6pajKeHHe C nopojKflaeT npoiiSBefleHne 
B D*-ajire6pe A 

(6.3) C{v,w) =vw 

H KOopfliiHaTbi 6HjiHHeHHoro OTo6pa>KeHHH C OTHOCHTejibHO 6a3Hca e HBjiaroTca 

CTpyKTypHblMH KOHCTaHTaMH STOFO npOH3Be/I,eHHH. 

TeopeMa 6.1. Ilycm-b 

^ /l l,2 /l-2,3 . „ / n — 7 — 

Di-* — Ai — }i.i^2\d) ■■ V ^ dv 

(6.4) L^.^^^ fi.2,3.{v) -.w^Ciiv.w) 

D, c^e^:iAl,A,) 

duaapuMMa npedcmaeAeHuu, onucu6awin,asi Di*-aAge6py Ai. Uycmb 

J" 2 ■ 1 ^ J" 2 ■ 2 3 

D2 -*—^ A2 — A2 f2-i,2{d) :v-^ dv 

(6.5) \f2.i,2 f2-2,z{y) -w^ C2{v,w) 



C2^C{Ai-A2) 
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duazpaMMa npedcmaeAeHuu, onucu6awiu,aM D2*-aAze6py A2. Mop(fiu3M^ Di-k-aji- 
ge6pu Ai 6 D2*-aA8e6py A2 

n : Di ^ D2 r2 ■■ Ai ^ A2 

MBMJiemcM D*-AUHeuHUM omo6pacHceHueM Di-k-aAge6pu Ai e D2*-aAge6py A2 ma- 
KUM, Hmo 

(6.6) ^"2 (a6) = ^2 (a)^2 (S) 

/(oKaaameAt/cmeo. CorjiacHO paseHCTBy [5]-(4.2.3), mop43H3m (ri,f2) npeflCTaBjie- 
HHH /l^2 yAOBjiCTBopseT paBeHCTBy 

Mfi-iAd){a)) = /2.i,2(ri(rf))(r2(a)) 

(6.7) 

r2{da) = ri{d)r2{a) 

Cjie;i,OBaTejibHO, OToGpajKCHHe (ri,r2) sBjiaeTCH D^-jiiiHeftHbiM OTo6pa}KeHHeM. 

CorjiacHO paBencTBy [5]-(4.2.3), MopcJjHSM (r2,r2) npeflCTaBjieHHH /2,3 y^OBjie- 
TBopaeT paBeHCTBy'^ 

(6.8) r'2(/i-2,3(a2)(a3)) = /2-2,3(7'2(a2))(r2(a3)) 
H3 paBCHCTB (6.8), (6.4). (6.5), cjie^yeT 

(6.9) r2(Ci(zJ,W)) =C2(r2(TJ),r2(w)) 

PaBencTBO (6.6) cjieflyei h3 paBCHCTB (6.9), (6.3). □ 

Onpe/i,ejieHHe 6.2. Mop4)H3M npeflCTaBjiCHHii Z3i*-ajire6pbi Ai b £'2*-ajire6py 
A2 Ha3biBaeTCH ZJ^-jiHHeiiHMM roMOMop4)H3MOM Z?i*-ajire6pti Ai b D2*-a.n- 
re6py A2. □ 

TeopeMa 6.3. Uycmbei - 6a3uc Di-k-aM8e6pu Ai. nycmbe2 - 6a3uc D2*-aA3e6pu 
A2. Tozda AuneuHuu goMOMopcfjusM^ (?'i,7^2) Di-k-aAze6pu Ai e D2*-aA8e6py A2 
UMeem npedcmaeACHue 

ri{a)*^r2**e2 ^ ri{a^)r2.)e2.i 

(6.10) 

6= ri(a)*,r2 

omHocumeA'bHO sadannux 6a3ucoe. 3dect> 

• a - KoopduHamiiaH Mampuu,a eeKmopa a onmocumeAbHO 6a3uca ei . 

• b - KoopduHamnan Mampuu,a eeKmopa 

b = ^2(0) 

omHocumeA'bHO 6a3uca 62 . 



■^B saMe^aHHH [2]-4.4.5, s noKasaji, mto Bi>i5op OTo6pa>KeHH5i ri npH Hsy^eHHii jiHHeiiHMx 
OTo6pa>KeHH3 MOjKeT 6biTi> orpaHHMeH OTo6pa>KeHHeM 

ri : D -> D ri{d) = d 

OflHaKO B pasflejie 10 a paccMaTpHBaro aHTHjiHHeiiHbie OToSpajKeHHa ajire6pi>i. ITosTOMy a sanHcaji 
TeopeMbi B 3TOM pasflejie TaKHM o6pa30M, MTo6bi Hx MO^KHO 6bijio conocTaBHTb c TeopeMaMH B 
pasflejie 10. 

■^TaK KaK B flHarpaMMax npe^CTaBjieHHH (6.4), (6.5), HOCiiTejiii ri2-3^re6pbi h 173-ajire6pbi 
coBna/^aiOT, to TaKjKe coBna^aiOT Mop(|)H3Mbi npe/i,CTaBjieHHH Ha ypoBHax 2 h 3. 
^Sia TeopeMa anajiorH^Ha xeopeiwe [2J-4.4.3. 
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• r2 - KoopduHamnasi Mampuv,a MHoatcecmea eeKmopoe (r2(ei.i)) orriHocu- 
mcAbHO 6a3uca €2 . Mu 6ydeM Haaueamt Mampui^y r2 MaTpHi],eH JiHHeii- 
Horo roMOMop4)H3Ma orriHocumeAbHO 6a3ucoeei ue2- 

J^oKaaameAbcmeo. BexTop a G Ai iiMeeT pasjiojKeHiie 

a = a*,ei 

OTHOCHTejibHO 6a3Hca ei . BcKTop b ^ A2 HMeeT pasjiojKeHHe 

(6.11) 6 = 6%e2 

OTHOCHTejibHO 6a3Hca 62 . 

TaK KaK (ri,f2) - jiHHeHHbiii roMOMopcJjHSM, TO Ha ocHOBamiH (6.7) cjieflycT, hto 

(6.12) 6 = r2(a) = ^2(0* = ?'i(a)**r'2(ei) 

/ri(ai)\ 

ri(a) = 

\^ri(a")y 

^2(61.;) TaKJKC BCKTOp Z?*-M0^yjIH A2 H HMeCT paSJIOJKeHHC 

(6.13) r2iei.i) = r2.,**e2 = r2.-- Cj 
OTHOCHTCJibHO GasHca 62. KoMSiiHiipya (6.12) h (6.13), mh HOjiynacM 

(6.14) 6 = ri(a)%r2%e2 

(6.10) cjieflycT h3 cpaBHCHHH (6.11) ii (6.14) h TCopcMbi [2]-4.3.3. □ 

TeopeMa 6.4. Ilycmb ei - 6a,3uc Di-k-aAze6pu Ai . Ilycmb 62 - 6a3uc D2-^-aA- 
ge6pu A2. EcAU omo6paciHzeHue ri fieASiemcfi UHzeKV,ueu, mo Mampui^a auhcuhozo 
30MOMopcf}U3Ma u cmpyKmypHue KOHcmaHmu ceJi3aHU coonmomeHueM 

(6.15) n{Cjj)r2i = r2.^r2.]C2.l^ 
floKa3ameA'bcmeo. IlycTb 

a,b € Ai a = a**ei b~b*^ei 
Ha paBCHCTB (6.2), (6.3), (6.4), cjie^yeT 

(6.16) ab^a'b^C^.^jei.k 
Ha paBCHCTB (6.7), (6.16), cjie^yeT 

(6.17) Mab) = riiCi.'ija'b->)r2iei.k) 

HocKOjibKy OTo6pa}KeHHe ri HBjiaeTCH roMOMop(|3H3MOM KOjien,, to iia paBCHCTBa 

(6.17) , cjicflycT 

(6.18) r2{ab) = n{Cjj)n{a')n{V)r2{ei.k) 
Ha TCopcMbi 6.3 H paBCHCTBa (6.18), cjie^yeT 

(6.19) Mab) = n{Cjj)n{a')r^{V)r2.ie2.i 
Ha paBCHCTBa (6.6) h TCopcMbi 6.3, cjicflycT 

(6.20) r2{ab) = ^2(0)^2(6) = ri(a'>2.f e2.pri(&^>2.f 62., 
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Ha paseHCTB (6.2), (6.3), (6.5), (6.20), cjie^yeT 

(6.21) Mob) = nia^)r^.^niV)r^.'}C,.l^e2.i 
Ha paseHCTB (6.19), (6.21), cjieflyeT 

(6.22) niC\.l^)nia')n{V)r^le24 = n{a')r,.^niV)r,.]C,.l,^e2.i 

PaseHCTBO (6.15) cjie^yeT h3 paseHCTBa (6.22), laK Kax seKTopbi 6a3Hca 62 jihrchho 
HesaBiiciiMbi, H a*, (a cjieflOBaTejibHO, ri(a'), ri(6')) - npoHSBOjibHbie BejiHHHHbi. 

□ 

7. JlHHEHHblH ABTOMOPI'HSM AJirEBPbl KBATEPHHOHOB 

OnpeflejieHHC KOopflHHaT jinHefiHoro aBTOMopcjjiiSMa - 3a;i,aHaHenpocTaH. B stom 
pasflejie mbi paccMOTpHM npHMcp neTpHBHajiBHoro jiHHeiiHoro aBTOMop4)H3Ma aji- 
re6piji KBaTcpHiiOHOB. 

TeopeMa 7.1. Koopdunamu auhcuhozo aemoMop(pu3Ma aAge6pu KeamepnuoHoe 
ydoBAemeopfimm, cucmeMe ypaeneHuu 



(7.1) 



'l—'2'3 '2'3 '2—'3'l ' 3' 1 '3—'l'2 ' l' 2 

'l—'2'3 ' 2' 3 '2—'3'l ' 3' 1 '3—'l'2 ' l' 2 

Q 19 "SI 1*2 21 ^ 12 21 

1— '2'3 '2'3 '2—'3'l '3'1 'S" 'l'2 'l'2 



/JoKasameAbcmeo. CorjiacHO TeopcMaM [4]-3.3.1, 6.4, jiKHettHbiii aBTOMopcj^HSM aji- 
re6piji KBaTcpHHOHOB yflOBjieTBopaeT ypaBHenHHM 



(7.2) 





— 'O'O^pq 


A- 


- 'O'l^pq 


'2 - 


- '0'2^pq 


r' - 
'3 - 


_ rPrT'' 
- 'O'a^pq 


r[ 




-A 


— ' 1 ' 1 ^pq 


^3 - 


- 'l'2^pq 


^2 


— 'l'3'~^pq 




— '2'O^pq 


'3 


— ' 2 ' 1 ^pq 




— ' 2 ' 2^pq 


J.I . 

'0 - 


- '2'3^pq 




— '3'O^pq 




- ' 3' l^pq 


-r{ 


— '3'2^pq 




— '3'3'^pq 



Ha paBCHCTBa (7.2) cjie^yeT 





ri 


— 'O'l'-^pq 


_ „P„(lr<l 

— '2'3^pq 


' ' 1 ^pq 


— '0' I'-^qp 


'2'3^pq — 


' 2 ' 3^qp 


(7.3) 




— ' 0'2'^pq 




' ' 2 ^pq 


_ ^P^lr^l 

— ' ' 2'-^qp 


'3' l*-^pq — 


' 1 ' 3<-^pq 




ri 


— 'o' 3'~^pq 


— ' l' 2^pq 


' ' 3 ^pq 


— '0' 3'~^qp 


'l'2"-'pq — 


'1'2'^qp 



I'-^J '0 — 'O'o'-^pq — "I'l'^pq — '2'2'-^pq " '3'3'-^pq 

ECJIH / = 0, TO H3 paBeHCTBa 

pq ~ qp 

cjieflyeT 

(7.5) rf rJC°, = rfr^C^ 

H3 paBCHCTBa (7.3) / = h paBCHCTBa (7.5), cneflyei 

(7.6) r°=r°=r°=0 
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EcjiH i = 1, 2, 3, TO paseHCTBO (7.3) mojkho sanHcaTb b BHfle 



(7.7) 





ryCoi + 






rirtCl^ + 




r^r'^CU + 


„b a/^l 


r'or°C'oi + 


+ 




b a/-il 
^O^i '^ab 


i = 1,2,3 








ryCl.^ + 




ryjcu+ 


„b a/^l 
' k' j '-'ba 


r^C^i + 












- 





1 

2 

3 



k 
k 
k 



< a < b a^l 



J = 3 
J = 2 



Ha paBeHCTB (7.7), (7.6) h paBCHCTB 

(7.8) 

cjieflyeT 



^10 '■ 

^ab '■ 



-c\ 



ba 



(7.9) 



ry^ 




„b ar^l 
'o'i '-'ab 


r°r\ + 


ryiCU 


„b„a/^l 
^O^i '-^ab 


' ' i 


„a b/^l 
'O'i'-'ab 


+rycif, 


i = l. 


2,3 





. „a bf^l 
■^k^j'-'ab 

„a b/^l 
^k^j'-'ab 

- ^k^j'-'ab 



„b„af-(l 
'k'j '-'ab 

b„a/-il 
'k'j '-'ab 

b a/-il 
' k' j '-'ab 



i=l 


k 


= 2 


j = 3 


i = 2 


k 


= 3 


J = l 


i = 3 


k 


= 1 


j = 2 


< a < b 


a 




b^l 
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Ha paBencTB (7.9) cjie^yeT 



(7.10) 



r\ =r°r\ 



Hs paBeiiCTBa (7.10) cjie/sjeT 



rSrt - ror 


f =0 




i = 1,2,3 












i = 1 


k = 2 


J = 3 


i = 2 


k = 3 


J = l 


i = 3 


k = l 


J = 2 


< a < b 


a ^ I 


b^l 



r!! = l 



' i' i 



(7.11) 

Ha paBCHCTBa (7.4) ;],jih / = cjiepyeT 

no 11 22 
0— 'o'o 'o'o 'o'o 'o'o 

(7.12) =-rOrO ' ' ' 

1 = 1,2,3 

Ha paBencTB (7.6), (7.10), (7.12), cjieflyeT 

(7.13) 1 = r\r\ + rfrf + rf rf 

i =1,2,3 

Ha paBCHCTB (7.13) cjieflyeT'"' 

(7.14) rl=Tl=Tl=^ 
Ha paBencTBa (7.4) pjisi / > cjie^yeT 

— 'i'i'-^lO 'i'i'-'Ol 'i'i'^ab 'i'i'^ba 

i>0 

l>0 < a <b a^l b^l 

"^Mbi 3flecb onHpaeMCH na to, mto ajire6pa KsaTepHHOHOB onpe^ejiena Ha^ nojieM ^eficTBH- 
TejibHbix MHceji. EcjiH paccMaTpHBaTB ajire6py KBaTepHnoHOB na^ nojieM KOMnjieKCHbix mhccji, to 
ypaBHeHHe (7.13) onpe;i,ejiHeT Konyc b KOivinjieKCHOM npocTpancTBe. CooTBeTCTBeHHO, y nac miipe 

BBl6op KOOpflHHaT JlHHeHHOrO aBTOMOp4)H3Ma. 



(7.15) 



C*-pancoflHH 
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PaseHCTBa (7.15) TO}K;i,ecTBeHHO sepHbi b CHjiy paeeHCTB (7.6), (7.14), (7.8). Hs 
paBencTB (7.14), (7.10), cjieflycT 



(7.16) 



'i—'k'j'^ab 'k'j'^ab 



I = 1 
i = 2 
i = 3 



k = 2 
k = 3 
k = l 



J = 3 
J = l 
3=2 



□ 



l>0 <a<b a^l b^l 
PaBCHCTBa (7.1) cjieflyroT h3 paseHCTB (7.16). 
IIpHMep 7.2. OneEHflHO, KOopflnnaTbi 

r' = i5' 

y^OBjiCTBopHMT ypaBHeHHK) (7.1). Mm MO>KeM ySeflHTbca HenocpeflCTBeHHOft npo- 
BepKOii, HTO KOopflHHaTbi OTo6pajKeHHa: 



1 



1 



TaKsce yflOBjieTBopaiOT ypaBHenHio (7.1). MaTpHn,a KOop^HHaT SToro OTo6pa>KeHHH 

HMeeT BH^ 

1 \ 

10 

1 

yo 1 oy 

CorjiacHO leopeMe [4]-3.3.4, CTaH/i,apTHbie KOMnoHeHTbi OTo6paiKeHiiH r hmcmt Biifl 



^00 _ 1 
' ~ 4 


„ii _ 1 

' ~ 4 


22 

r 


— 1 ^33 _ 1 
~ 4 ' ~ 4 




^10 _ 1 
' ~ 4 


^01 _ 1 
' ~ 4 


^32 


_ 1 r-23 _ 1 
~ 4 ' ~ 4 




r20 _ 1 
' ~ 4 


^31 _ 1 
' ~ 4 




i _ 1 „13 _ 1 
~ 4 ' ~ 4 




^30 _ 1 
' ~ 4 


^21 _ 1 
' ~ 4 


12 

r 


1 „03 _ 1 
~ 4 ' ~ 4 




OTo6pa}KeHHe r iiMecT bh/i, 








r{a) = a° + 


a^i + 


a^j + a^k 






- iai — jaj - 


- kak 


— ia + ai — kaj — 


jak 


-ja 


— kai + aj 


- iak 


— ka — jai — iaj - 


- a/c) 



□ 
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8. KOJlbLl,0 C COnPH>KEHHEM 

IlycTb cymecTByeT KOMMyTRTHBHoe no;i,KOjibD;o F KOjii>ri,a D TaKoe, ^^to F ^ D n 
kojiijLi;o D HBjiaeTCH cboSo^hbim kohchho MepHbiM MOflyjieM na^ KOjibii,OM F. IlycTb 
e - 6a3HC CBo6oflHoro MOflyjiH D na/i, KOjii>n,OM F. Mbi 6y^eM nojiaraTb eo = 1. 

TeopeMa 8.1. KoAbi^o D nejisiemcfi F-aAge6pou. 

/l^oKasameAbcmeo. PaccMOTpiiM OToGpajKeHHC 

(8.1) f : D X D ^ D a,beD^abeD 

riocKOjiBKy npoHSBefleHHe flHCTpH6yTHBHO no OTnomeHHio k cjio>KeHHio, to 

f{ai+a2,b)={ai+a2)b = aib + a2b = f{ai,b) + f{a2,b) 

(8.2) 

/(a, bi + 62) = a{bi + ^2) = a^i + ah = f(a, bi) + f{a, 62) 
EcjiH a € -F, TO 

f{ab,c)^{ab)c = a{bc)^af{b,c) 

f{b, ac) = b{ac} = {ba)c = {ab)c = a{bc) = af{b, c) 

H3 paBencTB (8.2), (8.3), cjie^yeT, hto OTo6pajKeHHe / HBjiaeTCH 6HjiHHeHHfciM oto6- 
pajKCHHeM nafl KOjibn,OM F. CorjiacHO onpe/i,ejieHHio [4]-2.2.1. kojiijd;o D sBjiHeTca 
F-ajire6poH. □ 

Cjie/i;cTBHe 8.2. KoAbu,o F neAsiemcfi nodaAze6pou F-aAge6pu D. □ 

PaCCMOTpHM 0T06pa}KeHHH 

Rc : D ^ D 
Im : D ^ D 

onpeflejieHHfcie paBencTBOM 

(8.4) Red = d° lnid^d~d° deD d ^ d% 

BbipajKeHHe Re d HasBiBaeTCH CKajiHpoM sjieivieHTa d. BbipajKenHe Im d nasbi- 
BaeTCH BeKTopoM 3JieMeHTa d. 

CorjiacHO (8.4) 

F ^ {de D ■.Rcd = d} 
Mbi GypfiM nojibsOBaTbCH saniicbio Rc D ^jih o6o3HaHeHHH ajire6pbi CKajiapoB 
KOJiijii,a D. 

TeopeMa 8.3. MHOofcecmeo 

(8.5) ImD = {de D -.Rcd^O} 

RBAfiemcsi (Rc D)-Mody ACM, Komopuu mu naaueaeM MOflyjiB BeKTopoB KOJibLi,a 
D. 

(8.6) D = RcD®lmD 



C*-pancoflHH 
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floKaaameA'bcmeo. XlycTb c, d E ImD. Torjia cq = dg = 0. CjieflOsaTejibHO, 

(c + d)o = Co + do = 

EcjiH a e Rc £), TO 

{ad)o = ado = 

CjieflOBRTejibHO, ImD HBjiaeTCH (Re Z))-Mo;i,yjieM. 
IIocjieflOBaTejibHOCTb MOflyjieft 

^RcD^^ D—^lmD ^0 

HBjiHeTCH TOHHoii nocjieflOBaTejiBHOCTbio. CorjiacHO onpeflejienHio (8.4) OToSpajKe- 
HHH Re , cjieflyiomaH flnarpaMMa KOMMyiaTHBHa 

Rc D^^D 




id 

ReD 

CorjiacHO yTsepiKfleHiiio (2) npefljiojKemiH [1]-III.3.3; 

(8.7) Z) = id(Rei:») ©kerRe 
CorjiacHO onpeflejienHio (8.5) 

(8.8) kerRc = {d e D : Red= 0} = ImD 

PaBencTBO (8.6) cjieflyei h3 paseHCTB (8.7), (8.8). □ 
CorjiacHO TeopeMe 8.3, oflHOsnaHHO onpe^ejiCHHO npe^CTaBjieHHe 

(8.9) d=Red + Imd 
Onpe/i;ejieHHe 8.4. OToSpajKCHHe 

(8.10) d*=Red-lmd 

HasbiBacTca conpHJKeHHeM b KOjiBLi,e npH ycjiOBHH, ecjiH 3to OTo6paaceHHe y^o- 
BjieTBopaeT paseHCTBy 

(8.11) {cdy=d*c* 

Kojibii;o D, B KOTopoM onpeflejieHO conpajKeniie, nasbiBaeTCH kojibi];om c conpa- 
:»ceHHeM. □ 

CorjiacHO TeopeMe 8.1, KOjibLi;o c conpHJKenHeM D aBjiaeTca accoLi,iiaTHBHOH 
(Re D)-ajire6poit, KOTopyio mbi TaKjjce 6yfleM HasbiBaTt ajireGpoii c conpajKe- 

HHeM. 

CjieflCTBHe 8.5. 

(8.12) {d*)*^d 

□ 

OneEHflHO, cymecTByiOT KOjibii,a, b KOTopbix ycjiOBne (8.11) ne BbinojiHeno. fl^JiR 
Toro, HToSbi noHHTb KaKiie CBOiicTBa y K0jibLi;a c conpajKeHneM D, paccMOTpHM 
CTpyKTypHbie KOHCTaHTbi (Re £')-ajire6pi>i D. PaBencTBO 

(8.13) C'o^ = Cio = 5f 
HBjiHeTCH cjieflCTBHeM paseHCTBa Id = dl ~ d. 
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TeopeMa 8.6. KoAhViO D HGAMemc^ komv^om c conp^ofcenueM, ecjiu 
(8-14) Cl,=Cf^ C-, = -Cr, 

1 < k < n 1 < I < n 1 <p <n 

/(oKasameMbcmeo. Hs paseHCTB (8.9), (8.10) cjie^yeT 

(cd) * ~ (Rc c Rc d + Rc c Im d + Im c Rc d + Im c Im d) * 
= Re c Re d — Re c Im d — Im c Rc d + (Im c Im d) * 



.15) 



(8.16) 



d* c* — (Re d — Im d) (Re c — Im c) 

= Re d Re c — Re d Im c — Im d Re c + Im d Im c 
CjieflosaTejibHO, h3 paseHCTBa (8.11) cjie/i,yeT 
(8.17) (Imc Imd)* = Imd Imc 

nycTb e - GasHC (Re -D)-ajire6pbi D. Hs paeeHCTBa (8.17) cjie^ycT 

(C^^c^^i' + t^^jc^rf'ep)* = C°ic'^d^ - ClicH% 
= Clid''c'+Clid'^c% 

1 < k < n 1 <l < n 1 <p <n 
PaseHCTBO (8.14) cjie^yeT h3 paBCHCTBa (8.18). □ 
CjieflCTBHe 8.7. 



Cfe Bfc G Re £> 

OTo6pa>KeHHe conpajKCHHa mo>kho npeflCTaBiiTb c noMom,i>io MaTpHn,bi / 
d*=Iod (5^ J^= 6^ k=0,...,n 



□ 



(8.19) 



ir=-5r IL=-S'^ m=l,...,n 



IIpHMep 8.8. ITpoHSBefleHiie b MHOJKecTBe KOMnjieKCHbix hhcbji C KOMMyTaTHBHO. 
O^HaKO nojie KOMjieKCHbix ^^Hceji coflep>KHT noflnojie R. BeKTopnoe npocTpancTBO 
ImC HMeeT pasMepnocTb 1 ii 6a3HC ei = i. CooTBeTCTBeHHO 



□ 



IIpHMep 8.9. Tejio KsaTepHHOHOB H coflepjKHT nofljiojie R. BeKTopnoe npocTpan- 
CTBO Im H iiMeeT pasMepnocTb 3 ii 6a3HC 

ei = Z 62 = j €3 = k 

CooTBeTCTBeHHO 

d* =d° - d^i - d^j - d^k 

□ 
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9. JIHHEHHOE 0T0BPA>KEHHE AJirEBPbl C COnPfl>KEHHEM 

Mbi MO>KeM paccMaTpHsaTB kojibi^o D kek D^-MO/^yjii. pasMepnocTH 1. 

TeopeMa 9.1. D-k-jiuneuHoe omo6paoiceHue KOjibii,a c conpsiMceHueM D uMeem 
eud 

(9.1) /(c) = cd deD 

Ilycmb e - (Rc D)-6a3uc KOAbv,a D. Koopdunamu omoSpaatceHUJi f 

(9.2) f{c)=c'fiei 
omHocumeAbHO 6a3uca e ydoeAemeopjnom paeeHcmey 

(9.3) fl=foCL 

(9.4) d = f^ei 

/(oKasameMbcmeo. (Rc Z3)-jiHHeHHoe OTo6pa}KeHHe yflOBjieTBopaeT paseHCTBaM 

(9.5) fiac) = M'fiej = c^c^Clfiej 



3 



(9.6) af(c) = a'-if{c)yCi,ej = a'c'flCi.e 
Ha paBencTB (9.5), (9.6), cjieflyeT 

(9.7) a^c'Cijiej = a'^cV/C^.e,- 
PaBeHCTBO 

(9.8) ciji = fici 

cjieflyeT h3 paBencTBa (9.7). 
Hs paBBHCTBa (9.8) cjie^yeT^ 

(9.9) = PoCL 
Ha paBCHCTB (8.13), (9.9), cjie^yeT 

(9.10) Sifl=f^Ci, 

PaBCHCTBO (9.3) cjieflyeT h3 paBCHCTBa (9.10). 
Hs paBCHCTB (9.2), (9.3) cjie^ycT 

(9.11) f{c)=c'fici^ei 

PaBCHCTBO (9.4) CJICflyCT HS paBCHCTB (9.1), (9.11). □ 

Onpe/];ejieHHe 9.2. IlycTb D - KOjibD;o c conpajKCHiiCM. OTo6pa}KeHHe 

HaSblBaCTCa D^-aHTHJIHHeilHblM^ CCJIH 0T06pajKCHHe / y^OBJICTBOpHCT paBCH- 
CTBy 

(9.12) f{da) = f{a)d* 

□ 



^nyCTB 1 = 0. 



'^Onpe/i,ejieHHe 9.2 ^ano no anajiorHH c onpe^ejieHHeM 5.1. 9to onpeflejienHe TaioKe yMHTMBaeT 
Tpe6oBaHHH K aHTHJiHHeiiHOMy roMOMop4)H3My B onpeflejieHHH 10.2. 
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TeopeMa 9.3. D-k-aHmujiuHeuHoe omo6paatceHue KOA'b'u,a c conpMOKeHueM D umc- 
em eud 

(9.13) f(c) = dc* = dl oc deD 

Uycmb e - (Re D)-6a3uc KOAbv,a D. Koopdunamu omo6pajfceHUJi f 

(9.14) f(c)=c'fiei 
omHocumeAbHO 6a3uca e ydoeAemeopfimm paeeHcmey 

(9.15) // = f^iici, 

(9.16) d = f^ei 

/(oKasameMbcmeo. (Rc Z3)-jiHHeHHoe OTo6pajKeHHe yflOBjieTBopaeT paseHCTBaM 

(9.17) fiac) ^ iSacrYfie, = cfa^ (C;^)* ffej 

(g fic)a* = {f{c))Ha*YCi,e, = {c*y f^{a*yCle^ 

Ha paBCHCTB (9.17), (9.18), cjie^yeT 

(9.19) cPa'^iCi.rfiej = 1^ ftlia'^Clci 
PaBeHCTBO 

(9.20) {ci^rfi = iUii'A 

cjie^eT H3 paBCHCTBa (9.19). 
Hs paBCHCTBa (9.20) cjieflycT^ 

(9.21) (C^,)*/f = lU^PA 
Hs paBCHCTB (8.13), (8.19), (9.21), cjieflyeT 

(9.22) Sljfi = SUtl^cL 

PaBeHCTBO (9.15) cjie^yeT hs paseHCTBa (9.22). 
Ha paBSHCTB (9.14), (9.15) cjie;i,yeT 

(9.23) /(c) ^ c'f^liCle^ = f^ltc^Ci.e^ = f^{cyci,e, 

PaBeHCTBO (9.16) cjie^ycT h3 paBCHCTB (9.1), (9.23). □ 
TeopeMa 9.4. Ecau omo6pa3tceHue 

MeAJiemcM D-k-AuneuHUM omo6paotceHueM, mo omo6paatceHue 

g:D^D g{d)^{J{d)Y 
MBAJiemcM D-k-aHmuAUHeuHUM omo6paciHzeHueM. 
/(oKasameAbcmeo. yTBepjKflCHHe TeopcMbi cjieflyei h3 paBCHCTBa 
g{cd) = ificd))* = {cf{d)r = {f{d)r c* = 5(d) c* 
H OHpeflejieHHH 9.2. □ 

^riyCTb p = 0. 
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10. AhTHJTHHEHHHH rOMOMOPDHSM £)7k-AJirEBPbI 

B 3TOM pa3flejie D - sto kojibi^o c conpajKeHHCM. 
Teopeivia 10.1. Uycmb 



^ /l l,2 /l-2,3 „ / ,s _ ,_ 

D —*^ Ai — fi.i^2id) ■■ V dv 



(10.1) 



-1,2 /i-2,3(«) : w-^ Ci{v,w) 
D CieC{Al,Ai) 
duaepaMMa npedcmaeAeHuu, onucueamw,asi D-k-aA8e6py Ai. Uycmb 

A2 —*-^ A2 h-i.2{d) -v^vd 

(10-2) '■■.h.1,2 /2.2,3(w) : C2(w,w) 

^ C2eC{Al-A2) 

duazpaMMa npedcmaeAeHuu, onucueawu^aji -kD-aA8e6py A2. MopcpusM D-k-aA8e6- 
pu Ai e ■kD-aABe6py A2 

ri-.D^D 72-. Ai^ A2 

ri{d) ^ d* 

sieAfiemcsi D-k-anmuAUHeuHUM omo6pacnceHueM D-k-aA8e6pu Ai e -kD-aAse6py A2 
maKUM, Hmo 

(10.3) r2{ab) = r2{b)r2{a) 

/(oKasameAbcmeo. CorjiacHO paseHCTBy [5]-(4.2.3), Mop4)H3M (ri,r2) npeflCTaBjie- 
HHH fi 2 yAOBjieTBopaeT paBencTBy 

4^ 72{fi-iAd)ia)) = /2.i,2(ri(d))(r2(a)) 

r2{da) = r2(a) d* 

CjieflOBaTCjiBHO, OTo6pa}KeHne (ri,r2) HBjiaeTCH Z?*-aHTHjiHHeiiHBiM OTo6pa»;eHH- 
eM. 

CorjiacHO paBencTBy [5]-(4.2.3), MopcJjHSM (7^27^2) npeflCTaBjieHHH /2,3 y^OBjie- 
TBopaeT paBencTBy'' 

(10.5) ?'2(/l-2,3(a2)(a3)) = /2-2,3(7'2(a2))(r2(a3)) 

Ha paBCHCTB (10.5), (10.1), (10.2), cjie^yeT 

(10.6) r2(Ci(U,?J;)) =C2(r2(w),r2(w)) 

PaBCHCTBO (10.3) cjie/iyeT 113 paBCHCTB (10.6), (6.3). □ 

Onpe/i;ejieHHe 10.2. Mop4)H3M npeflCTaBjieniiH Z3*-ajire6pbi Ai b *D-ajire6py 
A2 Ha3biBaeTCH Z^T^-aHTHJiHHeHHbiM roMOMop4>H3MOM D*-ajire6pbi Ai b -kD- 
ajire6py A2. □ 



^TaK KaK B flHarpaMMax npeflCTaBjienHH (6.4), (6.5), HOCHTejiH f22-anre5pi>i h f23-ajire5pbi 
coBnaflaiOT, to xaKjKe coBna^aiOT mop4>h3mi>i npeflCTaBjieHHH Ha ypoBHHx 2 h 3. 
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TeopeMa 10.3. Uycmtiei - 6a3uc D*-aAge6pu Ai. TJycmb 62 - 6a3uc -kD-aA8e6pu 
A2. Tozda aHiTiuAUHeuHuu 80MOMop(pu3M}'^ (''1,^2) D-k-aAze6pu Ai e -kD-ajizeSpy 
A2 UMeem npedcmaeAeHue^^ 

^^^^^ 6= 62**7-2, *ri (a) = e2.ir2.)ri{a^) 

b= r2**ri(a) 

omHocumeAbHo aadamux 6a3ucoe. 3decb 

• a - KoopduHamnaH Mampwua eeKmopa a omHocumeAbHO 6a3uca ei . 

• b - KoopduHamnaH Mampwua eeKmopa 

b = r2(a) 

omHocumeAbHO 6a3uca 62 . 

• r2 - KoopduHamnasi Mampwua MHOOfcecmea eeitmopoe (r2(ei.i)) omnocu- 
mcAbHO 6a3uca €2 ■ Mu 6ydeM Ha3U6amb Mampuv,y r2 MaTpHi],eH cLHTH- 
jiHHeiiHoro roMOMopcJjHSMa omnocumeAbHo 6a3ucoeei ue2- 

/ioKa3ameAbcm60. BeKTOp a G Ai HMeex pasjiojKeHiie 

a — a**ei 

OTHOCHTCjibHO 6a3Hca ei . BeKTop b A2 HMeeT pasjiojKeHHe 

(10.8) 5 = 62**6 

OTHOCHTCJIbHO 6a3HCa 62 • 

TaK KaK (ri,r2) - aHTHjiHHeiiHbiit roMOMop4)H3M, to na ocHOBaHHH (10.4) cjie- 
^yeT, ^TO 

(10.9) 6 = r2{a) = r2(a**ei) = r2(ei)**a* 

/ (a')*\ 



V(«")7 

7^2(ei.i) TaKJKe eeKTop ★D-MO^yjiH A2 h iiMeei pa3jiO}KeHHe 

(10.10) r2iei.i) = e2**r2.,; = ej r2.j 
OTHOCHTejibHO 6a3Hca 62. KoMGnHnpya (10.9) h (10.10), mm nojiynaeM 

(10.11) b = e2o°r2o°a* 

(10.7) cjieflycT h3 cpasHenHH (10.8) 11 (10.11) h TeopeMbi [2]-4.3.3. □ 

TeopeMa 10.4. Uycmb ei - 6a3uc D-k-aAze6pu Ai. Uycmb 62 - 6a3uc -kD-aAze6- 
pu A2. Mampuv,a anmuAUHeuHozo goMOMop(fiu3Ma u cmpyKmypnue KOHcmanmu 
ceJi3aHU coomHomenueM 

(10.12) (Ci.^)*r2.i=r2.fr2.?C2.^, 



^*^9Ta TeopeMa anajiorHMHa TeopeMe [2]-4.4.3. 

^^JXjia. nojiH KOMnjieKCHMx MHceji, paBeHCTBO (5.11) siBjisieTCH cjie^CTBHeM paBencTBa (10.7). 
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floKaaameAbcmeo. IlycTb 

a,b € Ai a = a**( 
Ha paBCHCTB (6.2), (6.3), (10.1), cjie^yeT 

(10.13) ab = a'b>C^.%ei.k 
Ha paseHCTB (10.4), (10.13), cjie^yeT 

(10.14) Uab) = r2{e,.u){a'VC,.%r = Ue^.k){C,.%r {V)* {ay 
Ha TeopeMbi 10.3 h paseHCTBa (10.14), cjieflyei 

(10.15) Mab)=-e2.irA{C,.%r{ay{Vr 
Hs paeeHCTBa (10.3) h TeopeMbi 10.3, cjie^yeT 

(10.16) r2(a5) =r2(6)r2(a) = e2.qr2.^^(&^r e2.pr2.n«')* 
HapaBCHCTB (6.2), (6.3), (10.2), (10.16), cjie^yeT 

(10.17) Uab) = €2.1 C2i,r,.^Mrr2.p'r 
Ha paBencTB (10.15), (10.17), cjie^yeT 

(10.18) 62./ r.iiCj^narib'r = 62.; C2.;,,r2.f (a^)V2.J(6-'r 

PaBCHCTBO (10.12) cjieflyeT h3 paBencTBa (10.18), TaK KaK BCKTopbi 6aaiica 62 jih- 
HeiiHO HeaaBHCHMbi, h a*, 6' (a cjieflOBaTejiBHO, (a*)*, (^')*) " npoHSBOJiBHtie bcjiii- 
^imuA. □ 

11. HHBOJlIOLl,Hfl BAHAXOBOH _D-AJTrEBPbI 

B 3TOM paa/iejie D - sto KOjiBn,o c conpa^KeHiieM. Mbi 6ypfiM TaKJKe nojiaraTb, 
HTO B a6ejieB0ii rpynne A onpeflejienbi CTpyKTypti D^-MO/iyjiR 11 ★_D-MO^yjiH.^'^ 

Onpe/i,ejieHHe 11.1. HycTb A - 6aHaxoBaH £'-ajire6pa. Hhbojiiod,hh - sto anTii- 

JIHHeilPIBIII rOMOMOp4)H3M X X* , X G A, TaKOe, HTO 

(11.1) x**=x 

\\x*x\\^\\xr 

x,y € A 

□ 

TeopeMa 11.2. Ilycmti A - 6aHaxoeaji D-aAze6pa. Uycmb omo6paatceHue x x* , 
X G A, MBAJiemcM UH60Amv,ueu. Tozda 

(11.2) {xyY = y*x* 



JJoKaaameAbcmeo. PaBCHCTBO (11.2) HBjiaeTCH cjieflCTBHCM onpe^ejieHHa: 11.1 h 
TeopeMbi 10.1. □ 

Onpe/i;ejieHHe 11.3. Baanc e naabiBaeTCH HopMnpoBanHbiM 6aaHC0M, ecjin ||ei|| = 
1 fljiH jiK)6oro BeKTopa 5aaHca e. □ 



^'^ycjiOBHH, Korfla flaHHoe Tpe5oBaHiie BtinojiHeHO, 5y.z],yT paccMOTpeHHti b OTflejiBHoii CTaxbe. 
EcjiH D - nojie, to 3to ycjiOBue OMeBH.z],HO. Ecjih D - Tejio, to sto ycjiOBHe BbinojiHeno corjiacHO 
TeopeMe [2J-6.3.1. 
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He Hapymaa o6iii;hocth, mbi MO>KeM nojiojKiiTB, hto 6a3HC e HopMiipoBan. Ecjiii 
npeflnojiojKiiTb, ^no HopMa BCKTopa OTjiiiHHa ot 1, to mh MOJKeM stot seKTop 

SaMeHHTB BCKTOpOM 

1 _ 



\\ei.. 

TeopeMa 11.4. Uycmb D - KOMMymamueHoe KOAbViO. Ecau omo6pacHceHue 

ReAfiemcsi AuneuHUM, mo omo6paatceHue 

h{x)^f{x*) 
MBMJiemcM aHmuAUHeilHUM. Ecau omoSpaotceHue 

siBAfiemcsi AUHeuHUM zoM0Mop(f)U3MOM, mo omo6paoK.eHue 

h{x)=f{x*) 

MBAJiemCJi aHmUAUHeUHUM g0M0M0p(pU3M0M. 

/^OKaaameAbcmeo. CorjiacHO TeopcMC 10.1 h paBCHCTBy (10.4) 

(11.3) {da)*=a*d* deD aeA 
EcjiH / - jiHHeiiHoe OToGpajKCHHe, to 

(11.4) f{dx)^df{x) 
Ha paBeHCTB (11.3), (11.4), cjieflycT 

h{xd) = f{{xd)*) = f{d* X*) = d* f{x*) = d* h{x) 

EcjIH / - JIHHeftHblH rOMOMOp4)H3M, TO H3 paBCHCTB (6.6), (11.2), CJieflyBT 

h{ab) = fiiab)*) - fib* a*) = /(6*)/(a*) = hib)h{a) 
CjieflOBaTejiBHO, h sBjiaeTCH aHTHjiHueflHtiM roMOMopeJjHSMOM. □ 

12. C*-AJirEBPA 

Onpe/i,ejieHHe 12.1. C*-ajire6pa A - sto 6aHaxoBaH C-ajire6pa, b KOTopoii onpe- 
flejiena hhbojik)ii,hh.^'^ □ 

CorjiacHO TeopeMe 5.4, HHBOjiiOLi,na: iiMecT bh/i, 

(^*r = /of^°^+/o^'^ 



(12.1) 

OTHOCHTejiBHO 6a3Hca car 
TeopeMa 12.2. 

(12.2) 



"k ~ JOi Jok "T JOi Jok 

n — f fli _ f^j fOi 
JOi JOk JQi Jok 



^c)to onpe^ejieHHe c^ejiaHO Ha ochobc onpeflejieHHa [6]-2.2.1. 



floKasameji'bcmeo. Ms paBCHCTBa (12.1) cjie/i,yeT 

— JOi Uofe'^ "T Jok-^ I "T Joi yJok-^ /Ofc-^ ) 

_ fOj fOi^Ok I fOj rli Ik I j-lj j-li„Ofc _ j-lj J^0i„lfc 

_ flj / fOi^Ok I fl^^lfe^ _ fOj / rli Ok _ fO^„lfe^ 
~ Joi Uofc-^ ^Ofe'^ / Joi Uofc-^ ■'Ofc'^ / 

_ flj fOi„Ofe I i-lj fli^lfe _ fOj nli Ok I fOj rOi Ik 

— JOiJOk-^ ~*~J0iJ0k-^ J Oi J Ok-'' ~*~ J Oi J Ok-'' 

(12.2) cjieflyeT h3 paseHCTB (11.1), (12.3). 
TeopeMa 12.3. 

ri ko fOi , n ki Mil 

^AC-ij J Ok + ^AC ij J Ok 

_ rOprOq^ 10 _ rlprlq^ 10 _ fOprlq^ (1 _ rip rOq (1 
~ Joj JOi ^AC-pq Joj Joi ^ACpq J Oj JOi ^ACpq J Oj J Oi ^ACpq 



ri ko fii r' fci 

^ AC iA Jok '^AC i-i Jo 



(12.4) 

^AC ij Jok~ ^AC ij J Ok 

_ rOp rOq^ l\ _ rlprlq^ Jl , rOp rlq ^ 10 j_ rip rOq f~t 10 

~ JOj JOi ^ACpq JOj JOi ^ACpq JOj JOi ^AC-pq JOj J Oi ^ACpq 

JJoKaaameAbcmeo. Hs paBCHCTBa (5.11) cjie^yeT 

(12.5) fi = fol+foi^ 
Ha paBeHCTB (3.17), (12.5), (10.12), cjie^yeT 

y'^AC-ij) Jk — Jj Ji ^AC pq 

(12.6) (C^e.r; + C^c^li)'' ifSl + /o'^O 

= (/of + foj^)Uoi + foi^)i'^AC-^pq + C'^CpV) 

Hs paseHCTBa (12.6) cjie^yeT 

ko fOi , r< kifii,(n ko fii n kifOi\: 

'^AC ij Jok + '-'AC ij JOk + K^AC ij JOk ~ ^AC-ij JokP 

_ ( fOp rOq _ rip rlq . ( fOp rlq . flp rOq\-\jf-^ 10 j_ r< 11- 4\ 
~yJ0jJ0i JOjJoi ~*~\JOjJoi JOj ./oi /'A^AC pq ^AC-pq V 

_ rOprOq^ 10 _ rlprlq^ 10 _ fOprlq^ 11 _ rip rOq ^ H 

~ JOj JOi^ACpq JOj JOi^ACpq JOjJOi^ACpq JOj JOi^ACpq 

, f fOp rOq^ 11 flPflq^ 11 I fOprlq^ 10 , flPfOq^ 10 \- 
\JOj Joi '^AC pq JOj JOi '-^AC pq ' JOj JOi '-^AC pq JOj JOi '-^AC pqJ'- 

PaBCHCTBO (12.4) cjieflycT h3 paBencTBa (12.7). 

13. IIphmep hhbojtioli;hh 

IlycTb 



26 



AjieKcaHflp Kjichh 



6a3HC e ajireGpbi 2x2 MaTpnn,. MaTpHii,a 



HMeeT pasjiojKeHHe 

11 12 21 22 

a = aiCi + flgG]^ + 01^62 + 02^2 

OTHOCHTejibHO 6a3Hca e. CTpyKTypHbie KOHCTaHTbi b ajire6pe MaTpnu, hmciot bh^ 



/^•p i k 
q-yl 



Sides'; 



npoHSBeflCHiie MaTpim; a h 5 HMeeT bh^ 
(a6)P 



q j l "'i°k 



EcjiH Mbi MaTpHD;y a npe^CTasHM b BH^e BeKTopa 

(a\\ 



al 
\alj 



TO MaTpHLi,y npeo6pa30BaHHe / 



a 



MOJKHO npeflCTaBHTb b cjieflyromeM Bvifie 

1 1 



i k I 

Ml. 



2 1 



V 

IIpeoGpaaoBaHHio TpaHcnoHiipoBaHiia 



cooTBeTCTByeT MaTpHLi,a 



fl 1 

J 1-2 


f-1 2 
J 1-1 


f-1 2\ 
J 1-2 


fl 1 
J 2-2 


f-1 2 
J 21 


f-1 2 
J 2-2 


f-2 1 
J 1-2 


f-2 2 
J 1-1 


f-2 2 
J 1-2 


f-2 1 
/ 2-2 


f-2 2 
J 2-1 


f-2 2 
J 2-2 1 





(a\ 






(a\ 


4\ 








































Wi 






W2 


4 



fl 







10 
10 

yo 1 
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TaK KRK Mbi He HMeeM aHajiHTHHCCKOii samicii ^jih onepaiopa TpancnoHHpoBaHHH, 
TO MM BOcnojibsyeMCH HecTanflapTHbiM (JjopMaTOM sanHCH. 



A 








o\ 




(l 








o\ 










1 





al 








1 










1 








al 





1 


















V 












V 


\bll 



(13.1) 









2 1 U. 


A 








o\ 










1 





fei«2' 





1 


















V 


\bl<4] 


{{ba 




p 

Q 
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